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Abstract. The authors consider stochastic aspects of the stabilization problem for two and
three-dimensional Oseen equations with help of feedback control defined on a part of the fluid
boundary. Stochastic issues arise when inevitable unpredictable fluctuations in numerical realiza-
tion of stabilization procedures are taken into account and they are supposed to be independent
identically distributed random variables. Under this assumption the solution to the stabiliza-
tion problem obtained via boundary feedback control can be described by a Markov chain or a
discrete random dynamical system. It is shown that this random dynamical system possesses a
unique, exponentially attracting, invariant measure, namely, this random dynamical system is
ergodic. This gives adequate statistical description of the stabilization process on the stage when
stabilized solution has to be retained near zero (i.e. near unstable state of equilibrium).
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1. Introduction

This paper is devoted to study some statistical aspects of the stabilization prob-
lem for two and three-dimensional Oseen equations with help of feedback control
defined on a part of the boundary that restricts a domain where the equations are
determined. Since for stabilization problem the case of unstable equations is in-
teresting, we assume that Oseen equations possess a solution that is exponentially
growing as time ¢ — 0o, i.e. the solution is unstable. New approach to the problem
of stabilization by feedback control was proposed by one of the authors of this pa-
per in [8]-[14]. Namely, construction of stabilization from a part of boundary for
parabolic equation, 2D Oseen equations as well as for 2D and 3D Navier—Stokes
system was created in [8], [9], [11], [12]. This construction reduces solution of a
stabilization problem to solving a mixed boundary value problem defined on an ex-
tended domain with zero Dirichlet boundary conditions and with initial condition
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belonging to a stable invariant manifold defined in an neighborhood of steady-
state solution, near which we stabilize our system. In the case of (linear) Oseen
equations, steady state solution equals to zero and invariant manifold is replaced
on subpace X, invariant with respect to resolving semigroup and such that the
solution going out initial condition wgy € X, tends to zero as time ¢ — oo with the
rate e~ or faster.

Evidently, aforementioned mixed boundary value problem is not stable because
if wo € X, then solution w(t,-) outgoing wo goes away from X, (and goes away
from zero) even if wy is arbitrarily close to X,. That is why straightforward appli-
cation of proposed construction of stabilization to numerical simulation may not be
successful, because unpredictable fluctuations inevitably arise in real calculations.
This situation was analysed in [10], [13], and [14] with help of the concept of real
process introduced there. The method of damping of unpredictable fluctuations
by some feedback mechanism was worked out in these papers and an estimate of
stabilization for real process was obtained.

This estimate is informative only when a norm of stabilized real process is not
too small. But when this norm has the same order as norms of unpredictable
fluctuations, aforementioned estimate became uninformative. Actually in this sit-
uation behavior of stabilized real process became chaotic. The goal of this paper
is just to investigate the behavior of stabilized real process in small neighbor-
hood of zero. More precisely, we solve the problem of retention of stabilized flow
near unstable state of equilibrium. To do this we impose additional assumption
on unpredictable fluctuations. We suppose that they are independent identically
distributed (i.i.d.) random variables with probability distribution supported in a
small neighborhood of origin for phase space. Then the real process is described
by a random dynamical system and forms a Markov chain.

Our aim is to prove that this Markov chain is ergodic, i.e. it possesses unique
stationary measure invariant with respect to the corresponding Markov semigroup.
This gives us the possibility to calculate by well known formulas the statistical
characteristics of stabilized real process and to make clear its behavior using these
formulas.

During the last few years uniqueness of invariant measures for 2D Navier-
Stokes equations have been proved by F. Flandoli, B.Maslovski [7], S. Kuksin,
A. Shirikyan [20], [21], [22], W. E, J. Mattingly, Ya. Sinai [6], S. Kuksin [18§],
Duan and Goldys [5], and other authors.

To prove ergodicity of indicated Markov chain we use recent results of S. Kuk-
sin, A. Shirikyan [21] and S. Kuksin [18] on uniqueness of invariant measures for
2D Navier—Stokes equations with random kick-forces where coupling approach was
applied.

Actually, it is enough for us to verify that random dynamical system arising in
stabilization construction indicated above satisfies all conditions imposed in [21],
[18] on random dynamical systems.

In Section 2 we recall necessary information on stabilization method. In Sec-
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tion 3 we formulate the main results and present conditions imposed in [21], [18] on
random dynamical systems in a form convenient for our situation. In Sections 46
we verify that these conditions fulfil for RDS corresponding to stabilization pro-
cedure.

We thank S. B. Kuksin and A. Shirikyan for useful discussion on ergodicity of
Navier—Stokes equations. We thank also M. S. Agranovich for allowing us to read
the proof of his result announced in [1] and formulated in Lemma 4.2 below before
its publication.

2. Preliminaries to the stabilization theory

In this section we recall briefly results of [8]-[14] used below.

2.1. Formulation of the problem

Let R CRY, d =2,3, 0Q € C, Q = R, x Q. We consider the Oseen equations:
Owv(t,z) — Av + (a(z), Vv + (v, V)a+ Vp(t,z) =0, divo(t,z)=0 (2.1)

with initial condition

v(t, z)|t=0 = vo(z). (2.2)
Here (t,z) = (t,z1,...,24) € Q, v(t,z) = (v1,...,vq) is a velocity of fluid flow,
p(t, z) is pressure, a(z) = (a1(z), ..., aq(z)) is a given solenoidal vector field.

We suppose that 80 =T UTy, T # 0@ where I', Ty are open sets (in topology
of 82). Here, as usual, the over line means the closure of a set. We define
=R, xTI',Tj =R, x T, and set:

v, =0, vlz=u (2.3)

where u is a control, supported on X.

Let 0 > 0 be given. The problem of stabilization with rate o of a solution to
problem (2.1)-(2.3) is to construct a control u defined on ¥ such that the solution
v(t, z) of boundary value problem (2.1)-(2.3) satisfies:

lo(t, 2112, @) < ce™* (2.4)

where ¢ > 0 depends on vg,0 and T'y.

2.2. The main idea of the stabilization method

Let w C R? be a bounded domain such that QNw =0, QNw=T. We set
G = Int(QU D) (2.5)

(the notation Int A means, as always, the interior of the set A).
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We suppose that 3G € C* where o > 2 is fixed and in all points except
T\ T = 9T it possesses the C* smoothness. For the construction of w and
detailed description of OG in a neighborhood of dT', please see [9], [13].

We extend problem (2.1)-(2.2) from € to G. Let us assume that

a(z) € V3(G)n (Hy (G))d , a(z) is real valued, (2.6)

where, as usually, H*(G), k € N, is the Sobolev space of scalar functions, defined
and square integrable on G together with all its derivatives up to order k and
(H*(G))? is the analogous space of vector fields. Besides, H}(G) = {f(z) €

HY(G) : f(2)|zeac = 0} and
VEQ) = {v(z) = (v1,...,va) € (HF(Q))?: divw=0}.
The extension of (2.1)-(2.2) from € to G can be written as follows:
Oyw(t, ) — Aw + (a(z), VIw + (w, V)a + Vp(t,z) =0, divw(t,z) =0, (2.7)
w(t, T)|t=0 = wo(z), w|g =0, (2.8)

where § = R, x 8G. Note that, actually, wy from (2.8) will be some special
extension of vp(x) from (2.2) such that the solution w(t,z) of problem (2.7), (2.8)
satisfies the inequality

||w(t, ')“VO(G) < Ce_ot”’wollvo(G) fort > 0. (2.9)

For vector fields defined on G we denote by o the operator of restriction on
Q and by yr we denote the operator of restriction on I':

va: VEG) — VEQ), Ar:VHG) — VEVED), k0. (2.10)
Evidently, these operators are well-defined and bounded (see [23]).

Definition 2.1. A control u(t, z) in (2.1)—(2.3) is called feedback! if

’U(t, ) = 'Yﬂw(tv ')a u(t’ ) = ’YF’IU(t, ) vVt 20 (2'11)
where (v(t, ), u(t, -)) is the solution of stabilization problem (2.1)—(2.3) and w(t, )
is the solution of boundary value problem (2.7)—(2.8).

Evidently, if the solution w of (2.7)—(2.8) satisfies (2.9), the pair (v,u) defined
in (2.11) satisfies (2.4). Since (v, u) satisfies (2.1)—(2.3) as well, it forms a solution
of the initial stabilization problem (2.1)—(2.4).

2.3. Description of “correct” initial conditions

First of all we describe the set of initial conditions {wg} such that solutions w(t, )
of (2.7)-(2.8) satisfy (2.9).

1 1t will be clear later why defined control really possesses feedback property.
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Let G be domain (2.5) and
VO(G) = {v(z) € VO(G) : (v,1)lon =0}, V3'(G) =V G)N(H(G))" (212)
where v(z) is the vector-field of outer unit normals to 6G. Evidently,

Ivllveay = Ivllve = Ivll@a@nss  Illvge = IVollw, e

Denote by
#: (L2(G))* — W(6) (213)

the operator of orthogonal projection. We consider the Oseen steady state operator
Av = —#Aw + #(a(z), V)v + (v, V)a] : VY(G) — V5 (G) (2.14)

and its adjoint operator A*. These operators are closed and have the domain
D(A) = V%(G) N (H}(G))?. Emphasize that D(A) consists of vector fields equal
to zero on G. The spectrums X(A),(A*) of operators A and A* are discrete
subsets of a complex plane C which belong to a sector symmetric with respect
to R and containing Ry. In other words, A is a sectorial operator. So spectrums
¥(A), Z(A*) contain only eigenvalues of A, A*, respectively. In virtue of (2.6) they
are symmetric with respect to R, and moreover X(4) = T(A4*).

We rewritten the boundary value problem (2.7)-(2.8) for Oseen equations in
the following form

——d—'l + A’UJ(t, ) =0, w|t=o = wp, (2.15)
where A is the operator (2.14). Then for each wp € V{(G) the solution w(t,)
of (2.15) is defined by w(t,) = e—Aty, where e~ 4t is the resolving semigroup of
problem (2.15).
Let o > 0 satisfy:

dw(t, -
t

(A N{AeC:Rex =0} =0. (2.16)

The case when there are certain points of £(A) which are in the left of the line
{ReX = o'} will be interesting for us.

Denote by X (A) the subspace of V(G) generated by all eigenfunctions and
associated functions of operator A corresponding to all eigenvalues of A placed in
the set {A € C: Rel < 0}. By XJ(A*) we denote analogous subspace correspond-
ing to adjoint operator A*. We denote the orthogonal complement to XF(A*) in
VI(G) by Xo(A) = Xo:

X, =V2(G) o X}(AY). (2.17)

One can show that subspaces X7 (A), X, are invariant with respect to the action
of semigroup e~4¢, and X, + X} (4) = V3 (G).

Theorem 2.1. Suppose that A is operator (2.14) and o > 0 satisfies (2.16). Then
for each wy € X, the inequality (2.9) holds. Besides, the solution of problem (2.15)
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with such initial conditions are defined by the formula
w(t, ) = e Atwg = (2m5) ! /(A — A te MypdA. (2.18)
¥

Here v is a contour belonging to p(A) := C\ L(A) such that argA = 10 for
A € v,]A] = N for certain 8 € (0,7/2) and for sufficiently large N. Moreover,
v encloses from the left the part of the spectrum X(A) placed right of the line
{ReX = ¢}. The complementary part of the spectrum %(A) is placed left of the
contour .

Such contour « exists, of course.

Proof. See [9], [10]. O

2.4. Theorem on extension

To complete the construction of stabilization for Oseen equations (2.1), (2.2) we
have to construct the operator E extending initial condition vy from (2.2) from Q
in G such that Evp := wo € X,. This wy(z) we take as initial value in (2.8). We
consider here direct analog of construction from [13].

Introduce the space

Vo, To) = {u(x) e VO(Q) : u-v|r, =0, Iv e VI(G): u=rqv} (2.19)
supplied with the norm:

u = inf w
oy = poin Il

where 7 is the restriction operator defined in (2.10) and V(G) is defined in
(2.1‘;)8‘ consider also the following closed subspace of V@ (G):
Vo(G,9) = {w € V5(G) : wla=0}.
For u € V°(€,T,) denote by @ the element of the quotient space V(G)/V7(G, )
such that for each v € %, ~qu = u. Now we define the extension operator
L: VO(Q,To) > V2(G) by Lue@ and LulyocVy(G,Q) (2.20)

(i.e. Lu is orthogonal to V(G, Q) in the space V{(G)). Evidently, ||L|| = 1.

It is known (see [8], [10], [11]) that in the space X} (A*) one can choose a ba-
sis (dy(z),...,dx(x)) such that restriction (di(z)|v,...,dk(z)|,) on an arbitrary
subdomain w C G forms a linear independent set of vector fields. We can define
space (2.17) by the following equivalent form:

X, = {v(z) € V(G) : / o(z)-dj(@)de =0, j=1,....K}.  (221)
G
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Theorem 2.2 ([12], [13]). There ezists a linear bounded extension operator
E:V9Q,Tv) — Xo, (2.22)
i.e. (Ev)(z) = v(zx) for z € Q.

Proof. Let subset w; C G\ © be a domain with C*°-boundary Ow; such that
Int(dw; N OG) # B. In this set we consider the Stokes problem:

—Aw(z) + Vp(z) = v(z), divw(z) =0, z€w; wlow, =0.

As is well known, for each v € V°(w, ) there exists a unique solution w € Vg (w1) N
VZ(w) of this problem. The resolving operator to this problem we denote as
follows: (—#A); v = w. Extension of (—#A)glv from w; in G by zero we also
denote as (—#A);v. Evidently, (—#A)51v € V5 (G).

We look for the extension operator E in the form

K

ch(—frA);}dj] (), (2.23)
=1

where L is the operator (2.20), ¢; are constants which should be determined.
Evidently, Ev(z) = v(z) if z € Q for any c;. Besides, Ev € V3 (G). To define
constants ¢; we note that by (2.21) Ev € X, if

K
[avto) [ch(~m);3dj<w)] o= [a@EENE @2
G G

Ev(z) = (Lv)(z) + [

=1
fork=1,...,K. Asin [12], [13] one can prove that this system of linear equations
has a unique solution. (]

Aforementioned results imply the following result on stabilization (see [8]-[12]).

Theorem 2.3. Let domains Q and G satisfy (2.5). Then for each initial value
vo(z) € VY(Q,To) and for each o > 0 there ezists a feedback control u defined
on T such that the solution v(t,z) of (2.1)—~(2.4) satisfies the inequality

llo(t, Mve@y < ee™" as t— oo (2.25)

2.5. Real processes

Recall results from [13], [14] on justification of numerical simulation of stabilization
construction described above. In virtue of definition (2.11) stabilization problem
(2.1)~(2.4) is reduced to problem (2.7), (2.8), and (2.9). Its numerical simulation
is what we have to justify. ’

Let e~4t = S(t) be resolving operator of problem (2.7), (2.8). Suppose that
we calculate this problem in discrete time instants

hh<ta<...lp <...
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where t;, = kr and 7 > 0 is fixed. Denote S = S(7). Let w* be the result of our
calculations at time instant ¢x. Since numerical calculations can not be exact, we

have
w* = SwF ! 4 oF (2.26)

where ¢* is an error of calculation which is unknown for us before time t;. The
sequence {w*} defined by (2.26) is called real process. We suppose that we can
estimate the error of our calculations a priori:

le*llvoe) < €<<1, k>0, (2.27)

where € > 0 is a known quantity. Note also that at time ¢; the vector w* is
completely known (completely observable) since it is result of our calculations.

Formulae (2.26) is supplemented with initial condition
W =wy,  wo € X, (2.28)

(We assume for simplicity that ¢©° = 0.)
Equations (2.26), (2.28) imply that

k—1
W* = S*wo + Y ST (2.29)
=0

In virtue of (2.29), (2.28) the estimate ||&*|| < ce™ " is not true. Indeed, although
S*we € X, and therefore S*wy satisfies estimate of such kind, the fluctuations (*
possess nonzero components belonging to X} (A). Hence, [|S7¢*~||y9(c) grows
exponentially as k — oo that these terms destroy all stabilization construction
described in previous subsection.

To save this stabilization construction we use feedback mechanism (see [13],
[14)): in the time moment t; when @* from (2.26) is calculated we act on it by a
special projection operator II : V{(G) — X, that damps undesirable properties of
fluctuations ¢*. This operator has to satisfy the following properties:

) Mlp =g, Vp € X,, ii) Vo € V5(G) (Tp)(z) = p(z) Vz € Q.

The operator satisfying these properties can be defined by the formula analogous
to (2.23): :

K
Hp(z) = o(z) + [Zc,-(—wm;}dj] (@), (2.30)
j=1 |

where constants c; are defined by (2.24) with Lv = ¢. »

Applying to both parts of (2.26), (2.28) operator II. Taking into account that
X, is invariant with respect to action of operator S and using notation w* = IT%*,
we get the recurrent formulae for controlled real process:

wlc-'rl — Sw" 3 H(pk+l, fork >0; wO = wg. (231)

In [13], [14] the following estimate for controlled real process has been proved:
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Theorem 2.4. Suppose that unpredictable fluctuations oF satisfy (2.27), and op-
erator I1 of projection on X, is defined by (2.30). Then controlled real process
{w*} defined by (2.31) satisfies the estimate

lwkllvoie) < (06" lwollvace) + ITI[I€/(L —€7°7)), (2.32)

where constant yo € (0,1) depends only on o if T > To and 19 is a fized magnitude?
(TI|| is the norm of operator (2.30), and & > 0 is the magnitude from inequality
(2.27).

Note that outside a small neighborhood of the origin, estimate (2.32) is equiv-
alent to estimate (2.9). Since in contrast to definition (2.18) of solution w(t, ) to
problem (2.7), (2.8), in definition (2.31) of controlled real process fluctuations o*
permanently arise, therefore estimates (2.32), (2.9) can not be equivalent in a small
neighborhood of the origin. Investigation of behavior for w* in this neighborhood
is the main goal of this paper.

3. Statistical problem in stabilization theory
3.1. Primary considerations

We continue our investigation of the real process defined in Subsection 2.5. above.

It is clear from the definition (2.26), (2.28) of real process that its behavior
is determined by its values in the instants tx = k7 when the unpredictable fluc-
tuations * arise. In the following we restrict ourselves by considering the real
process only in these points and thus we obtain a discrete real process. So we
consider iterated sequence (2.31) with a fixed initial vector wo = wo(z) € V2(G)
and unpredictable fluctuation ¢**! € V(G) satisfying (2.27).

It is reasonable to assume that ¢* is a random variable (for each k) defined on
a probability space (€, .A,P), taking values in V'(G). We also assume that the
random sequence ¥ is independently identically distributed (i.i.d.). Thus (2.31)
defines a random dynamical system (RDS). ’

For each k, ©* has distribution u, whose probability measure u(w) is defined
on the Borel o-algebra B(V(G)) of the space V§(G), and is supported in a neigh-
borhood of the origin:

suppp C B: = {v € VY(G) : lvllveey < €} 3.1)

Let us consider the random dynamical system (2.31) from the point of view
of stabilization. The solution of the stabilization problem can be derived in two
stages: (a) To reach zero (or in general setting, to reach a steady state); (b) To
keep the controlled solution w* near zero.

The solution of the stage (a) was explained above in Section 2. In particular,
estimate (2.32) of stabilized real process in G was obtained. Here and hereafter,

2 This property of constant -y is obtained in formula (4.13) below.
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we denote ||w*|| = ||w"’||voo(c), unless otherwise noted. The stage (a) is the part
of the process when w* does not reach the ball B,, with ro = ||TI||/(1 — ce™"7)
where ¢ € (0,1) is the constant from (2.32).

Note that if w* ¢ B, then using (4.7) (see below) for estimating S we get

ISw* —wkll > [lw*] = 1Sw*|| > (1 - y0e™)lw"|

e
> (-0 e (32)

This estimate means that at stage (a), the distance between w* and Sw* is
more than the norm of the fluctuation ITp¥, i.e., the deterministic component of
random process w® is prevailing. Therefore, in stage (a) the behavior of w*+?! is
determined mainly by the term Sw*.

The situation in stage (b) when w* € B,, is different. Now the terms Sw* and
[I* from the right hand side of (2.31) have the equivalent order, and the motion
of the realization w* of the RDS (2.31) becomes “irregular or chaotic”.

The goal of this paper is to understand the behavior of the controlled stabilized
sequence w* in the stage (b). We will do it with help of the modern theory of
Markov chains or random dynamical systems. We begin with some preliminaries.

3.2. Gauss measures

We recall some information about Gauss measures which will be used below. Let
H be a Hilbert space with scalar product (-,-) and norm || - ||, and let B(H) be
the o-algebra of Borel subsets of H. A measure G(du) defined on B(H) is called
a Gauss measure if its Fourier transform G(v) is of the form

é(v) — /ei(u,v)G(du) — ei(u,a)—%(K'u,v), v € H, (3.3)

where a € H is the mean vector, and K : H — H is a linear self-adjoint positive3
trace class operator, called correlation operator of G:

o0
K*=K >0, Trace(K)=)» )j<oo, (3.4)
Jj=1
with {\;} the set of eigenvalues of K. Differentiation of (3.3) with respect to v
implies that -

a= /uG(du), (Kv1,v2) = (v1,0)(v2,a) — /(vl,u)(vg,u)G(du).

Therefore a is the mathematical expectation of the Gauss measure G.

3 Positiveness condition can be weakened a little bit in the case of problem considered here:
see below footnote in the Subsection 5.2.
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In particular, when H = R™ and image Im K = R™, then for each I € B(R™),

G(r) = [ stavyan (3.5)
where density p(y), y € R™, is defined by
20) = Gryrragere |~ 3K W) =], (36)

Let A: H — H be a continuous map in Hilbert space H. As well-known ([24]),
each measure p induces a new measure A*u(du) defined by

A*p(w) = p(A™'w), we B(H), (3.7)

where A~lw = {z € H: Az € w}. This definition is equivalent to

/ F@A ) = [ f(Awu(au) (3.8)

for arbitrary f for which at least one side in equation (3.8) is defined. Thus (3.3)
and (3.8) imply that if 4 = G is the Gauss measure defined above and map A is
linear, then A*G is a Gauss measure with mathematical expectation a; = Aa and
correlation operator K; = AKA*.

3.3. Distribution of *

We consider the right hand side of (2.31) where ¢* is an i.i.d. random sequence.
We suppose that the distribution D(¢*) of ¢* has the form

D(p*) = cxe(uw)G(du) = v(du), (3.9)
where ¢ = ([, G(du))™?, and |
1 pise "
xe(u) = {0’ lull > & (3.10)

is the characteristic function of the ball B; defined in (3.1), G(du) is the Gauss
measure with mathematical expectation a = 0 and correlation operator K satis-
fying conditions (3.4)

In virtue of definition (3.9),

v(w) = cG(B: Nw), w € BV (G)) (3.11)

and therefore v(w) is a probability measure on B(V(G)) supported on the ball B€




Vol. 7 (2005) Stochastic feedback stabilization 585

3.4. The main result

Since ¢* are iid., llp* are iid. as well, and D(Ilp*) € X,. Thus RDS (2.31)
defines a family of Markov chains in X, with transition function

P(k,wo,T) = P{w*(wp) €T}, T e B(X,), (3.12)

where w* = wF(wp) is defined by (2.31) and P is probability measure defined on
o-algebra A of subsets of probability space Q. Let P(X,) be the space of Borel
probability measures on B(X,) and Cy(X,) be the space of continuous bounded
functions on X,. Moreover, we denote by ;. and B;. the corresponding Markov
semigroups acting in Cy(X,) and P(X,), respectively:

Pif(v) = Ef (w*(wo)) = / £ Pk, wo,dz), f € Ch(X,),

PLu(T) = /H P(k,wo, D)u(dwo), p € P(X,),

where E is for the mathematical expectation, and P(k,wo,T) is defined in (3.12).
A continuous function f(u) on X, is called Lipschitz if

| (u+v) — f(u)]
v€X,,||v||I<1 ”’U”

We denote Lip f = [|lipf(:)llc(x.)-
A measure p € P(X,) is called a stationary measure for the RDS (2.31) if

Piu = p,Vk. The main theorem of this paper is as follows.

= lipf(u) < o0, u € X,.

Theorem 3.1. The random dynamical system (2.31) has a unique stationary mea-
sure fi. Moreover, there exists a constant vy € (0,1) such that

| / F(2) Pk, wo, dz) — / f(z)ﬂ(dz)’ <evk, k=1,23,-, (3.13)

Jor every Lipschitz function f on X, such that || f lewx,) <1 and Lip f < 1. The
constant c depends only on initial state ||wo)|.

Note that the uniqueness of the stationary measure means that the RDS (2.31)
is ergodic. The exponential convergence (3.13) means that RDS (2.31) possesses
the property of exponential mixing.

Theorem 3.1 provides us the possibility of calculating easily the probability
characteristics of Markov chain (2.31). Indeed, in numerical simulation we actually
obtain certain realizations w* = w¥(w) of RDS (2.31), where w € Q is a random
sample. By the strong law of large numbers

N
N | k
NIE%O -ﬁkz_o'w (w) — /wu(dw), as N — oo, . (3.14)
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where p(dw) is an invariant measure of RDS (2.31). In virtue of Theorem 3.1,
u(dw) = fi(dw). So while calculating w*(w), we can simultaneously obtain mathe-
matical expectation of ji. Moreover, (3.13) gives us the convergence rate in (3.14).

The topic connected with (3.14) will be studied in detail in some other place.
Here we only note that strong law of large numbers was derived from ergodicity
of Navier-Stokes equations in [19] in the case when random force is white noise.
Of course in the case of kick forces this derivation can be made as well.

3.5. Ergodic theorem

In order to prove Theorem 3.1, we use a result in [21, 18] on ergodicity of a
Markov chain, proved by coupling techniques. Let us formulate this result in a
form suitable for our problem. Consider a Markov chain (or a RDS) in a Hilbert
space H

u(k) = Tu(k — 1) + nk, u(0) = uo, (3.15)
where ug € H, T : H — H is a linear bounded operator such that
[Tull < yollull, Vu € H, (3.16)

for a constant v € (0,1).

Assume also that there exists an orthonormal basis {e;} in H (true for any
separable Hilbert space H) and a sequence of subspaces H; C Hy C ...Hgy C...
such that

Hj, =span{e;,...,e,} where rp—> o0 as k— oo.

Denote by H,-c" the orthogonal complement to Hy in H : H = Hy & H,ﬂ-, and

designate by
Qr: H — Hy, Qi :H — H

orthogonal projectors. Suppose that
Q% Tull < wllull, Vu € H, and~; — 0ask — oo, (3.17)

At last assume that in (3.15), 7 is an i.i.d. random sequence with distribution
p(w),w € H, such that the projection Q%u on Hy, has a continuous density R(x)
with a compact support:

Qiu(dz) = R(z)dz
where Hy > x = Y ziei, dz = dz, - - - dz,,. Moreover, this density R(z) satisfies
the condition: : .

/H |R(z — v1) — R(z — v3)| dz < cljvs — vall sty (3.18)

where the constant ¢ > 0 does not depend on v;,v2 € Hy.
Under aforementioned assumptions in [21, 18], the following theorem has been
proved (see [18]).
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Theorem 3.2. The RDS (3.15) has a unique stationary measure fi. Moreover,
there exists a constant v € (0,1) such that

| [ 1P ds) - [ @) < et k=12,

for every Lipschitz function f on H satisfying |flc,z) < 1 and Lip f < 1. Here
P(k,u,dz) is the transition function (see (3.12)) corresponding to RDS (3.15).

4. Check of assumptions (3.16), (3.17)

To prove Theorem 3.1, we have to check that RDS (2.31) satisfies conditions (3.16),
(3.17), and (3.18) of Theorem 3.2. In this section we check the first and the second
of them.

4.1. Subspaces of V(G)

First we introduce an orthogonal decomposition of V{(G) in order to define analogs
of subspaces H, from Subsection 3.5. Recall that an important subspace of V3 (G)
is (see definition in (2.21))

X, = {v e VY(G): / v(z)d;(z)dz =0,j=1,--- ,m}, (4.1)
G

where {d;(z),j =1,--- ,m} is the basis of X} (A*), constructed in [9] from eigen-
vectors and assocm.ted vectors of the operator A*, corresponding to all elgenvalues
A; satisfying Re A; > o.

Let 0 < 01 < --- < g% — 00 as k — 00 be a sequence of numbers which satisfy,
as g, the condition

{AeC:Red=or}No(4)=0 Vk. (4.2)
Analogously to (4.1), we can define the spaces
Xs = {'v eV2(G): / v(z)dj(z)dz =0,j=1,--- ,nk}, (4.3)
fe]
where basis {d;(x),j = 1,...,n} in X7}, (A*) is constructed from eigenvectors and

associated vectors of the operator A*, corr%pondlng to all eigenvalues \; satisfying
Re); > ok. This basis is an extension of the basis in X} (A*) from (4 1), and it
is constructed by the same rules as the basis from (4.1).

Since g; > 0j > o for i > j we have that n; > n; > m and therefore X,, C
X, C X4. Moreover, we introduce the following subspaces of V7 (G). Let Xm,1
be an orthogonal complement in X, for the subspace X,,, and X;,0,,, be an
orthogonal complement in X, for the subspace X, ,,. In other words, X,,, and
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X

opory1 are subspaces satisfying

X01 52] an =X, Xak+1 ® Xakcrk.H = Xak- (44)
We also define the subspace X~ C V{(G), which is the orthogonal complement of
X, in VY(G):
X, ® Xy =VYG). (4.5)
Evidently, X} = X}(A*). The subspace X, will play the role of space H in
Subsection 3.5. Likewise,

Xoo, = Xoo1 @ ® Xoy_,0n (4.6)

will play the role of Hy and X,, will play the role of H ,ﬂ- Recall that subspace
X, is invariant with respect to the operator S in RDS (2.31). That is why we put
in (3.15)

T =S|x,.
Now we construct the basis {e;} from Subsection 3.5. Let {ei,...,en} be orthog-
onalization of basis di, ...,dn, in X} (A*) = X;}. Evidently, {ei1,...,e} forms a

orthonormal basis in X;-. Continuing orthogonalization process for
{dm+1s---18n by ooy {dnp_y 41, -, - - -

we get orthnormal basis {€m+1, - - - ;€n, } it Xoo, and {en, _,+1,---1€n, } I Xop_ 04
for k = 2,3,.... We have to prove now that countable orthonormal system
{e1,-..,¢€;,...} forms a basis in V(G). For this it is enough to establish that this
system is dense in V(G). But in virtue of Keldysh Theorem (see [17], [16]), the
system {d;,j € N} constructed by eigenfunctions and associated functions of op-
erator A* adjoint to operator (2.14) is dense in V{(G). Hence, system {e;,j € N}
obtained from {d;,j € N} by orthogonalization process is also dense. Therefore
the system {e;,j =m+1,...,m+k,...} forms basis in the space H = X,
In the next subsection we establish inequality (3.16).

4.2. Certain properties of RDS (2.31)

We prove the following assertion.

Lemma 4.1. Let S be the operator in (2.31) and o > 0 be given. Then for each

Yo € (0,1), there exists T > 0 such that for S = S(7) the following estimate holds
I1Sull < yollull, Yu € Xo. (4.7)

Proof. Recall that the basic space is V(G) and therefore we use the notation
|-l =1l llve. Inequality (4.7) follows from the bound established in [9]:

(A—AD)"te™>d

Yo

(A+ /\I)"le'\"d)\| <ce T, (4.8)

Yo
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where A is the infinitesimal generator for S(t), and the contour —, is defined as
follows:

—Yo =72 U2
where
7 = {A € C,ReX = —0,Im ) € [~ (o + ) tan(mw — ), (0 + 6) tan(r — ¢)]}
; +6
3= A€ C,Rel < —a, A = vet™¥ + 0, for e[a—,oo)} 4.9
L { ” 7€ | Toos ] (49)

with @ > 0 and 7/2 < ¢ < 7 fixed. We have to prove that ¢ in (4.8) can be chosen
independent of o > 0. Since 7, belongs to the resolvent set of the operator A, we
can get as in [9, Lemma 4.7] that

M,
1+ A’
with M; > 0 independent of A € —v,. We see that

/ (M + A)~1erdA
Yo

I+ 47 < A€ =, (4.10)

l<11+12

where

5L = /1 "(/\I+A)—1” |e)\"'d)\| I, = ~/.2 ”()\I+A)—1” Ie,\rd/\l_ (4.11)

o o

Using (4.10) we get
/(a+0) tan(r—y) Mie°"dz J— /(a'+9) tan(w—1p) d:v/a
= <M B A
~(o+6) tan(x—y) 1+ Vo2 + 22 ~(o+0) tan(x—y) V1 + (z/0)?
(1+6/0) tan(r—¥) g,
= Mle""/ < Mjce 7,

—(1+6/0) tan(w—y) /1 + Y

where ¢ does not depend on o0 > 1 and 7 > 0. If o € (0,1), then
(1+46) tan(w—1p) —oT
Il ﬁ / Mle dzr _

L

N

_Mlce—a-r, )
—(1+6) tan(r—y) 1+ |7l

with ¢ not depending on o € (0,1) and 7 > 0. Moreover, by change of variables

z = (y| cos 9| — 8), we get
* exp[— (7| cos | — O)7]dy

Tescat 1+ \/(’y[coszp] —6)2 +y2sin’y

_2My [ exp|—z7]dz < 2M; / * exp(—zT)dz
lcos¥| Jo 14 /22 + (x+0)2tany ~ |cosy| J, l+z

_ 2M;  [* exp(—y)dy _ 2M;exp(—oT) /°° exp(—z)dz
Jeosl Jor  THY lcosy]  Jo T(1+0)+2’

I, <2M,
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where in the final step, we used the change of variables y = 2+ o7.

Note that o p
/ E(P(___‘w_ <1 if 7>l
o T(l+o)+z

For 7 € (0,1) we have
o _ 00 _ 1—7 oo
/‘ exp(—z)dz </ exp(—z)dz S/ _Ldi__k/ e *dz=1-In7.
o T+ Tz Jo THz Jo THz o

So we have
2M, .
2= | cos |
where ¢; does not depend on 7 > 79 and o > 0.

Thus we have proved that ¢ in (4.8) does not depend on o >0 and 7 > 7o. So
for u € Xo, ‘

—oTey, (4.12)

IS(r)ull < cMie™ 7, (4.13)
where ¢ > 0 does not depend on o > 0 and 7 > 7o. Therefore for given o and
o > 0, we can take 7 > 0 such that ce™” = . |

Inequality (3.16) evidently follows from (4.7).

4.3. Estimate S(7) on X,, for large k

We check here bound (3.17) for T = S(7) and Qi H = X,,. Simultaneously we
make more precise the choice of ox. Together with operator A defined in (2.14)
we consider the Stokes operator

Ag = —#%A : VI(G) = V§(G) (4.14)

where # is projector (2.13). Operator Ao is positive self-adjoint with domain
D(Ao) = D(A) = V*(G) N V3 (G) and with discrete spectrum. Let {e;} be eigen-
vectors of Ay forming an orthonormal basis in V(G) and 0 < py < p2 < ...
be corresponding eigenvalues, taking into account of their multiplicities. Then for
each ¢ € R the power AZ can be defined by the formula Afv =3 B (v,€5)ve6)Ei-
Eigenvalues p; possess the following asymptotic for large j:

i = Boi** +0(j*/%/Inj) as j—o o0 (4.15)

where (o > 0, d is dimension of G (i.d. d = 2 or 3), 0(j%/%/ Inj) is a function sat-
isfying the estimate |0(j2/%/Inj)| < ¢j?/¢/Inj as j — oo with ¢ > 0 independent
on j. Asymptotics (4.15) was obtained by K. I. Babenko [4].4

4 Actually, K. I. Babenko proved (4.15) in [4] in the case d=dim G=3 only. But his proof can
be extended in the case d=2 as well.
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We can write operator A from (2.14) as follows:
A=A+ A (4.16)

where A,v = #[(a(x), V)v + (v, V)a]. Using [15, Ch. 3, Lemma 4.5] one can easily
get the following bound:

141452 = b < 0. (4.17)

Now we describe one result of M. S. Agranovich announced in (1, Bound (6.61)].
Although it is obtained for general abstract operators we formulate it in the case
of Oseen operator. Its proof will be published in [2]. This result consists of the
choice of sequence o} — 00 as k — oo such that on segments

ITr={A=o0r+1iv; 7| < b’a,lc/2}, b’ > 0 does not depend on k, (4.18)

resolvent (A — A\I)~! possesses some optimal bound. Numbers o) are found on
segments®

Ay = [e2%/4,2(k+1/d] | d=dimG =2or 3. (4.19)

Lemma 4.2. Suppose that an operator A has the form (4.16) where Ay is self-
adjoint positive operator with discrete spectrum and eigenvalues satisfying (4.15),
and A, satisfies (4.17). Then there ezists o, € Ay such that for A € T'y the
following estimate holds:

d—1

a1
I(A-AD7Y S ercgr o7 '? (4.20)
where segments I'x, Ay are defined in (4.18), (4.19), respectively.

Using Lemma 4.2 we can check (3.17). Recall that S(t) = e~“! is the resolving
semigroup of problem (2.15) where A is Oseen operator (2.14), and § = S(7)
where 7 is a fixed number chosen in Lemma 4.1 such that (4.7) is true. Note that
if we would increase 1, (4.7) is true as well. Recall that the space X,, defined in
(4.3) is invariant with respect to the operator S = S(7).

Theorem 4.1. Let A be Oseen operator (2.14), S = S(7) = e~4", and sequence
or — 00 as k — oo be chosen in Lemma 4.2. Then there exists 1o > 0 such that
for each T > Ty on the spaces X, the following estimate hold:

IS(r)ullx,, <wlulx, ,  where v —0 as k— oo, (4.21)

where ;s do not depend on u € X,, .

5 Actually, Agronovitch’s result was proved in [2] under assumption that reminder term in
(4.15) has the form O(j7) with r < 2/d (that is stronger than O(52/%/ In j) from (4.15)), and oy
are looked for in segments [k2#/¢, (k + 1)27/4] with some p > 4. But if we change these segments
on segments (4.19) then a straightforward repeating of the corresponding proof from [2] leads to
the desired estimate.
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Proof. 1t is clear that for u € X,

S(r)u = (2mi)~ / (A = A)"Lue=>7d\ = —(2mi)~! / (A + AD)~Tue  d
Yoi —Yog

where —v,, =72, U2, and similarly to (4.9)

'y;k = {A € C,Re) = —o,Im X € [—(ox + 0) tan(m — ), (o} + 0) tan(m — ¥}
ﬁk = {/\ € C,Rel < —op, A=vef¥ 4 0,fory e [M,oo)} .
: | cos 9|
Doing calculation as in proof of Lemma 4.1 we get the same formulas where o is
changed to oy only. Then estimation of the term I, gives as in (4.12):
2M,
2= | cos 9|

e ey, (4.22)

where ¢; = c1(7p) does not depend on 7 > 7y. To estimate I; we use (4.20) instead
of (4.10). More precisely we use the estimate

(A + AD7Y| € e me26 Y2 A e Ty, (4.23)

where T'x = {\ = ox +i7; |7] < (0% + 0) tan(w — ) }. If A € —T, estimate (4.23)
directly follows from (4.20). For A € —{T'x \ I'x} situation is easier and one can
prove estimate similar to (4.10) in right side of which |)| is changed on |A|*/2 that
is stronger than (4.23). (This has been done in [2].) Applying (4.23) to I defined
in (4.11) (with o changed on o) we get:

/(0k+9) tan (r—1)

L cle—o'k(-r—ln 02)01/2 dz < Eeak(‘r—ln ca) (424)

N

—(ok+8) tan (r—7)

where & does not depend on k. If we choose 7 > Incy then (4.22), (4.24) imply
that

L+L<w—0 as k— oo
This proves (4.21). O

Inequality (3.17) follows from (4.21).

5. Reduction to the finite dimensional case

Now we need only to check the condition (3.18). The rest part of the paper
is devoted to prove that the distribution IIo* of random forces in RDS (2.31)
satisfies this property. This will then complete this paper. First, we project IIp*
on finite-dimensional subspace.
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5.1. Calculation of the projection for probability distribution IIyp*

In this subsection we calculate probability distribution for random variable
Swk + Mpk+! in RDS (2.31) under assumption that Sw* is a fixed vector. Since
Sw* € X, and I : V¥ — X, is a projection on X,, the probability distribution
D(Sw" 4+ Ip*+1) is supported on X,. It is enough to calculate D(IIp*+!) because
D(Sw* + Iyp*+1) is simply the shift of D(IIp*+!) along the vector Sw*. In virtue
of (3.9)—(3.11), D(p**!) = v, where the measure v is defined by

v(w) = cG(B: Nw), Yw € B(VY), (6.1)

where G is the Gauss measure with mathematical expectation a = 0 and correla-
tion operator K satisfying (3.4). Clearly, D(IIp**!) = IT*v. Since

m: VP - X, 4 (5.2)
is a linear projection on X,, we have by (3.8) for w € B(X,):

Mv(w) = c/B Xow (TTu)G(du) =c/H_l . G(du)

—¢ / Gldu) = ¢ / I G/(du). (5.3)
-1 (wnI1By) wNI1B,

We have already mentioned that IT*G is the Gauss measure supported on X, with
mathematical expectation a = 0 and correlation operator K; = IIKII*. Note that
in (5.3), xw(v) is the characteristic function of the set w, and

N lw={zeV®: Nzecw}), M lw ={re VPN B:: Mz € w}. (5.4)

Hence to define completely the measure ITI*v(w) from (5.3), we need to calculate
IIB:. Let us consider the decomposition (4.5) of V. Since I : V! — X, c V{
is a linear projection, for each y € V; decomposed as y = y’ +y” with ¥’ € X,,
y" € X}, we obtain

z=Iy=y +Ay”  where A=TI|x:. (5.5)

So
A: X} - X, AT X, X[,

where A* is the operator adjoint to A. (We 1dent1fy Hilbert spaces X,, X} with
their dual spaces.) Note that

Be = {liyll* < &%} = {lly'I* + ly"|I* < &%}
Thus by (5.5),
MB; = {x € X, : There exists y” € B: N X}
such that ||z — Ay"||2 + ||y ||? < €?}. (5.6)
To make this more precise, we consider the extreme problem
") =z — A" + ly"|* — inf, ¢" € X5 (5.7)
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The solution § of this problem exists, is unique and satisfies
(£(9),h) = 2{—(z — A, Ah) + (§,h)} = 2(§ + A*Aj — A*z,h) =0, Vh € X;.
Since the operator A*A is nonnegative, the equation
A* Ay +y' = A*z

for each z € X, has a unique solution § = §(z) € X} and it is the solution to
the extreme problem (5.7). It is clear that the map z — §(z) : X, — XL is a
bounded linear operator and §(z) = (A*A+ E)~! A*z. Thus the definition of I1B;
in (5.6) can be rewritten as follows

B = {z € X, : lz - A*§(2) | + l§(2)II* < €%} (5.8)

The set (5.8) is an ellipsoid. Thus (5.3) and (5.8) define the measure IT*», and
hence the RDS (2.31) is completely defined as well.

5.2. Finite-dimensional measure

In order to prove that the RDS (2.31) is ergodic, we study a map of the mea-
sure IT*v. We introduce the operator of orthogonal projection @} connected with
projection operator @ from Subsection 3.5

Q: VY - X} =X} @ Xoo,, (5.9)

where subspaces X}, X,,, are defined in (4.5), (4.6). We have the following
property for the operator Q.

Lemma 5.1. Let II, Q) be projection operators defined in (2.30) and (5.9), respec-
tively. Then

QI = QIIQ. (5.10)
Proof. Each z € VJ can be decomposed as follows
r=y+y2+ys
with y; € X, y2 € Xy, and y3 € X,,. Then

Qllz = Q(Iyy + y2 + y3) = Qyr + 32, QIQz = Q(IIyr + y2) = QlIy1 + 3.
a
The random dynamical system (2.31) generates naturally the measure IT*v.

We now study the measure Q*II*v. By (5.10) we show that this study can be
reduced to the study of a measure defined on a finite dimensional space.
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Theorem 5.1. Let Q be the orthogonal projection in (5.9), I be the projection in
(2.30), and v(w) be a probability measure on B(Vy). Then

Q'II*v = Q*II*Q*v. (5.11)
Proof. By (3.8) and (5.10), we get
[rw@my)e) = [ f@mou(a
- [1@nQuyv(dw) - [ 1)@ M@ y)(dw). (512)

This proves the theorem. ‘ O

The relation (5.11) allows us to reduce our investigation to the case of measures
defined on finite dimensional space. Let us calculate the measure Q*v. Taking
into account the definitions (3.9) of v(du) and (5.9) of Q, we get, analogous to
(5.3), that for each I' € B(X},),

Q*u(T) = ¢ /P o, @G (5.13)

where Q*G is the Gauss measure supported on X;,'-k, with mathematical expec-
tation zero and correlation operator QK(@Q. We make the following identifica-
tion taking into account identity in (5.9): using in X} an orthonormal basis
{ej, j=1,...,n} (n = n;) introduced in Subsection 4.1, we can write

n m n
y= Zyjej (S Xglk, u= Zujej € X;L, v = Z vje; € Xaaka (5-14)

and take the following identifications:
X5 2R ={§=(y,...,9n)}, X5 2R™ = {i}, Xo0, XR"™ = {7}. (5.15)

We restrict correlation operator QKQ on X, jk Then QKQ can be regarded as a
n X n matrix. By (3.4) this matrix is non-degenerate because for each 0 # u €
X+ (v, QKQu) = (Qu, KQu) = (u, Ku) > 0 and therefore ker QKQ = 0° We
denote K = (QKQ)™!. By (3.5)—(3.6), we conclude that

Q*G(dy) := G(dy) = g(y)dy, (5.16)
where g(y) = %’;—e‘%(k%y). Note that
n n
QB; = {y = Zyjej € Xik : ny < 52} = B. (5.17)
j:l j=1

6 Actually we can weaken the first condition in (3.4) assuming that K* = K > 0 and
ker QK Q = 0 where Q is orthogonal prejector on X, j-k with big enough o.
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‘We hence obtain
D(dy) := Q" v(dy) = éxe(y)G(dy), (5.18)

where é = (f G(dz))~! and Xe is the characteristic function of the ball B.
We introduce the projection operator

7=QI: X7, — Xoq,. (5.19)
In virtue of (5.18), for each w € B(X3,),
Q'II*'Q*v(w) = 7 (w). (5.20)

6. Density P(x) of the measure ©*0
6.1. Preliminaries

Recall that the space X, ;,Lk admits the orthogonal decomposition
X5, =X+ @ Xoo,- (6.1)

Below in order to emphasize belonging v € X}, v € X,,, we write u @ v instead

of u+wv.
The projection operator « defined in (5.19) can be represented as follows

7 = (a, E), (6.2)

where F is the identity operator in X,,, and o : X;,‘- — X0, For z € X4, we
denote by 7., the affine plane in X, ;,';e:

7r$=7r‘la:={y5u€9v€Xj‘€Bka=X;,"k:au+v=:1;}. (6.3)
In particular, when x = 0,
mo=n"0={y=udv e X} ®Xoo, =X, :au+v=0} (6.4)

Since B is the support of the measure ¥(dy) = ?(du,dv) defined in (5.18), the
ellipsoid n B is the support of the measure 7*7.
For each f € C(wB) we have

/ f(@)r*o(dz) = / Flaw + v)i(du, dv) = / f(z)dz / T(w,z)dw, (6.5)
B B =B wNB
where the first equality is via the definition of the measure 7* and the second

equality follows from the change of variables

w=u—ou€m, z=au+vEX,. (6.6)
The calculation of I'(w, z) will be done later. The formulae (6.5) gives the expres-
sion of the density P(z) for the measure 7*(dz):

P(z)dx = n*(dz), where P(z) = / I'(w, z)dw. (6.7)
. ‘ TeNB
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6.2. Change of variables (w,z) — (u,v)

In order to calculate the kernel functional I'(w, ) in (6.7), we need to consider the
following change of variables, i.e., the inverse of (6.6)
u = u(w, ), v =v(w,). (6.8)

We introduce an orthonormal basis {b;, = 1,--- ,n} in X . Let

{b;,j =1,--- ,m} be the orthonormal basis of X;- C X,

Ok?

(6.9)

composed of eigenvectors of the operator E + o*a : X — X . Suppose that
1< p1,--+,1 < pm are eigenvalues corresponding to eigenvectors b1, ,bm.
Assume that

p1 > 1, s > 1 pgy =0 = pyp = 1. (6.10)

Lemma 6.1. The following statements hold:
(i) b, erra,J—s+1 - ,my
(ii) {abj, j=1,---,8} form an orthogonal basis in Ima C X0, -

Proof. (i) For j = s+1,-- ,m, (E+a*a)b; = b; iff a*ab; = 0. Since kera* L Ima,
ab; # 0 implies o*ab; 7é 0. Hence b; € kera.
(ii) Note that for ¢,j = 1,---,3, (ab,,ab ) = (a*ab;, bj) = (ps — 1)(bi, b;) =0
and u; # 1. Hence ab; L ab If ~ € Ima then for a certain b € X}, we have
=ab=a) . cbj = > j=1¢jab;. Therefore {abj,j =1,--- -+, 8} form a basis
in Ima O

Since ker o* @ Ima = Xy0, and dimIma = s due to Lemma 6.1, we see that
dimkera* =n—m—s. Let {bmtst1,* ,bn} be an orthonormal basis for ker o*.
Then by Lemma 6.1 again, the vectors

ab;
bj+m = " ab. ” J = 1 - bm+3+1,"' ,bn » (6.11)

form an orthonormal basis in X4s,. In virtue of (6.9)-(6.11),

Vectors by, - -+ , by, form an orthonormal basis of X ;,Lk (6.12)

On the plane 7y defined in (6.4), we consider the vectors
b: @ (—ab:
= i @ ( ab;)“j=1,---,m. (6.13)
(1 + [lob;]|?)= »
Lemma 6.2. Vectors (6.13) form an orthonormal basis of the plane mo.

Proof. By the definitions (6.2), (6.4) and (6.13), we see that 0; € m, as
= (1+ llab|*) ¥ [ab; — abs] = 0.
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By Lemma 6.1, for 1 # j,
b; ® (—ab;)) b; ® (—ab;))
01:’0' o —
o 0i)me = S Tl Vit Ty P
= (1+ [labs[[®)~% (1 + lloby|2) =2 [(bs, b)) xx + (—0bi, —aby)x,., ]
=0 (6.14)

and therefore the system (6.13) is orthonormal. As the rank of the matrix for (6.2)
equals to n — m,

dim mo = dimker 7 = dimker(a, E) = m
Hence the system (6.13) forms an orthonormal basis of the plane . O
Define
0;j=b;, j=m+1,--- ,n. (6.15)
Then the vectors
0;,j=1,---,n : (6.16)

defined in (6.13) and (6.15) form a basis of X .
Let R = (R;;) be the n x n matrix with components R;; defined as follows.

—a
=1+ ||abi|?)"3; Rimpi=————, i=1,-,8
( ” 1” ) ’ ,m+1 1+ ||ab,~l|2 ’ )
Ri=1,i=s+1,---,n; Ry =0 for other i, j. (6.17)

It can be checked directly that the matrix R transforms the basis b= (b1,--+ ,bn)
to the basis § = (0y,--- ,0,):

§ = Rb. (6.18)

Now we can calculate the change of variables (6.8), the inverse of (6.6). Let
XCJ,;c admits decompositions y = u+v = w4z with u € X}, V€ Xoop, W E M
and x € X,,, . Define

n n
y= Zy,—bj = Zzﬂj,
U—Z”Jn 'U—Z'UJmJ’

J=m+1

w= Zw] iy, T= Z Zj—mb; (6.19)

j=m+1
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We introduce notations

17= (yh'" ,yn),2= (21,"' 7z'n):
U = (quyj7j=1a"' 1m), U=(Uj5yj+m,j=1,"' ,n_m)’
U= (wj=z,j=1,--,m), £=(x;=2j4m,j=1,"--,n—m). (6.20)

Then the change of variables (6.8) is rewritten as

@ = u(W, %), 7= v(w,I), (6.21)
or in more compact form
7=y (6.22)
Theorem 6.1. The transformation (6.22) can be calculated as follows
7=y(2) =Rz, (6.23)

where R* is the conjugate matriz of the matriz R defined in (6.17)—(6.18). Note
that the matriz R transforms the basis {b;} to the basis {6;}.

Proof. In fact, the relation (6.23) follows from (6.18)—(6.19). O

Using (6.23) and (6.17), we obtain the Jacobian of the transformation (6.23):

J = det Dj/DZ = det R* = [J (1 + ||ab]|?) 2. (6.24)
i=1

We see that the Jacobian J depends only on the operator a. Now we make more
precise the expression for density P(x) in (6.7). Note that in (6.5) we made just
the change of variables (6.22) or the equivalent (6.23). Taking into account of the
definition § = (i, ¥) and ¥ = (0, £), and using the facts (5.16), (5.18), (6.23) and
(6.24), we obtain that the integrand I'(w,z) in the expression of density P(z) in
(6.7):

[(w,z) = f[(1 + [lab;]|2)? det K (27) /2 exp [— —;—(I?QR*Z, QR*Z’)], (6.25)

i=1

with Z = (w, z). We suppress the arrow — on top of w and z here.
7. Smoothness of the density P(x)
Formulas (6.5) and (6.7) imply that the density P(x) is supported in the ellipsoid

B C Xs6,- So P(xz) =0 for z € X,,, \ 7B. We now investigate the smoothness
of P(z) for z € d(wB) and for z € Int(wB), respectively.
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7.1. Smoothness of the density P(z) on boundary 8(wB)

It is clear that the set BN, is @ if z ¢ 7B, it is a single point if x € d(wB), and
it is a ball in the n — m dimensional plane 7, if z € Int(7B). We first calculate
the center and radius of this ball.

Lemma 7.1. Let the ball B be defined in (5.17), z € Int(wB), and the plane n,
be defined in (6.3). Then the center of the ball BN w, is
W=000=[E+a*a)la*z]® [z — a(E +a*0) la*1] (7.1)
and the radius of the ball BN 7, is
r=( - I(E+a%a)'a"z|}; - e — a(B+a*a) " arallk,, )2,  (7.2)

where, recall that, € is the radius of the ball B.

Proof. Evidently, the center {, %} is the solution of the extreme problem
lully + ol ,, — int, {u,0} € 7. (13)

By definition (6.3), {u,v} € =, iff cu + v = =z, i.e.,, v = £ — au. Substituting
this into (7.3) and solving the extreme problem, we obtain the solution (7.1). The
radius r follows from the Pythagoras theorem. a

Let us consider the following extreme problem: Given z € 7B, find h € X,,,
such that

F(h) = |(E + a*a) a*(z + )| + ||(E — o(E + a*a)La*)(z + h)||? — i1(1§,4)
IR =8, (7.5)

with 7o > 0 a given sufficiently small parameter. Recall that each z € X,,, admits
the decomposition

T =1+ Za:,-abj, zo € kera*, z; € R, (7.6)
5=1
where {b;} is the basis in (6.9). Note also that, by Lemma 6.1(ii), {ab;,j =
1,---,s} is a basis of Ima.

Lemma 7.2. Suppose that ¢ € #B and it has decomposition (7.6). If y9 > 0 is
small enough, then there exists a unique solution h of the extreme problem (7.4)-
(7.5). The solution h is determined by

h=ho+ Y hjab;, ho € kera®, h; €R, (7.7)
j=1
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where
Zo T .
hh=—-————,hj=———— j=1,.--,8 7.8
R T Yers L A W R PR 78)
and zg,z,j = 1,...,s are defined in (7.6), p; > 1, j =1,--- ,s are eigenvalues
(6.10) of the operator E + a*a, and A(vo) 18 the unique solution of the equation
2 2, z2||ab;|?
ol ot Habsl? _ 9)
1+ )2 (1 + Apj)?

Proof. The existence of a solution of the finite-dimensional problem (7.4)—(7.5) is
evident. We now prove the uniqueness of this solution h.

Let £(h,\) = F(h) + A(J|||? — 72) be the Lagrange function for the extreme
problem (7.4)—(7.5). By the Lagrange principle, if h is a solution of this problem,
then there exists A € R such that

(L3 (R, A),8) = (F'(h),8) + 2A(h,8) =0, V6 € Xyq, - (7.10)
Substitution of expression F(h) in (7.4) into (7.10) yields
((E+ a*a) la*(z + h), (E + a*a) " 1a*s)
+ ((E — o(E + o*a) la*)(z + h), (E — a(E + a*a) " ta*)8) + A(h,8) = 0.

We transform operators from right multiplies in scalar products to the left multi-
pliers. Noting that

a(E +o*a) %a* + (E—a(E+a*e) 'a*)? = E—a(E+a*a)'a*, (7.11)
we obtain equations for A and A:
(E - a(E+a*a) a*)(z + h) + Ah = 0. (7.12)

Substituting the decompositions (7.6)—(7.7) for  and h into (7.12), we arrive at
the following system of equations

zo+ ho(1+A) =0, (7.13)
[1—“1 ](xj+h)+,\h =0, (7.14)
Hj
and therefore T .
ho=——2 hj=——032 (7.15)

A 1+ 7 1+ Ay
By (7.5), (7.7) and (7.15), we finally get

r(3) = 1A = [holl? + 3 W2l 2 = A2l i mllobl _ e (7.16)
oll"+ 2 Rl = o T e~
Since r(0) = |lz||?, r()\) — 0 as A — oo and r'()\) < 0, there ex1sts a unique

solution A = A(yp) if ¥ < [|z]|>. O
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Theorem 7.1. Let € 8xB, x + h € Int(wB) and ||h|| < ||z||. Then P{z) =0
and for some positive constant c,

|P(z +h)| < cllh]| % as || —o. (7.17)

Proof. If x € 0(nB), then
BNnr,=u817,

where the point 4 @ ¢ is defined in (7.1). Hence by (6.7), P(z) = 0. Denote
k]l = o and take the solution & of the problem (7.4)—(7.5). By (7.2), (7.4) and
(7.5), the radius r(z + k) of the ball BN T,.j is maximal in the sets of radius
r(z + h) of BN 74 corresponding to vectors h such that ||h|| = 7. We calculate
r(z + k).

Since z € 8(nB), we have ||a(z)||? + ||v(:1:)||2 = g2 with {#, 7} defined in (7.1).
In (7.2), taking £ — z + h and substituting €2 = ||i(z)||2 + [|6(x)||?, and taking
into account (7.6)—(7.8), we get

r(z + h)
= —((E + a*a) 'a*h, (E + a*a) Ya*(2x + h))
— ((E - a(E + a*a)"ta*)h, (E — o(E + a*a) " 'a ")(2:1: + k)

8
_ *0) Loy zjob; -1, 1
= ((E+a a) _1+A ,(E+ata)” E a:;ab;(2 1+)\p,-))

(7%
T+ 7 &

1+/\) +Z(E a(E+a*a)” la*)ab,x;(Z— 1+1)\Nj))

G D iy, Py
—j,lz=1uj(li)‘ﬂj) 7 (2_1+,\p,)(b9’b)+0(1+—,\)2

s pi—1y 1 =1 1
+ijz;(abj,ab;)(1— " )1"‘)‘!‘1‘(1_ " )(2—14‘/\#1)

J1+)\u

To (2 -

Fil=1
2 J(”’J =121 +205)  Jzoll2(1 +2X) 2 2 1+2My;
_Z 14 )2 14+ )2 +Z ”b" 21 )2
o a4 ) (1+X) ot FA+ Auy)
(7.18)

We rewrite this as follows:

ool +2%) | g~ bl 1420 1) | (s = 1)
ekl | I Sl M’ 4 1 . 7.19
A+ A7 z:(1+Au,)2 (). 11

ri(z+h) =
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There exist constants 0 < ¢; < ¢2/2 such that for each j = 1,---,s and for
every A > 0, we have
1+ 2/\M (i —1)° c2
a(l+X) < i (14 )< Z2a+N. (7.20)
I ( l|ob;|> 2

Comparing (7.9) and (7.19), we thus get
a1+ A) <3z +h) < carR(1+N). (7.21)

|ab;

Let Ay(z) = (||:4¢0||2 + 35 —1—,—) . Then using (7.9) we get

lzoll? Z 2abi? _ Ay(2)?
7"-(1+A>2 B2+ T+ A2
and therefore
1+ A(yo) > 2 1(”") (7.22)

Let now Az(z) = (llzol®? + Xj-; « ]||¢)zbJ||"’)’j Then by (7.9) we obtain

As(z)?
<
% A+22
Hence,
A
1+ Ayo) < 22 2(2) (7.23)
0
Substituting (7.22), (7.23) into (7.21), we get
1A (2) < Pz + k) < c2A2(z)v0. (7.24)
By (6.25), there exists constants 0 < é; < &2 such that
& <T(w,z) < &, (7.25)

for each (w, ) = Z such that ||QR*Z]|2 = ||#]|? < €%, i.e., on the ball B. Hence, by
(6.7),

&HV(ngen NB) < P(x+h) = / Iw, z)dw < é&V(mern N B),  (7.26)
Tz4hD

where V(nz+n N B) is the volume of the ball w4, N B.

Note that r(z + k) < r(z+ h) for each h € X,,, such that ||k|| = ||k|| = o and
z+h € Int(wB). Thus (7.24), (7.26) and the fact that V(71N B) = cpmr(z+h)™
(where ¢, is the volume of the unit ball in R™) implies (7.17). O

Remark. The inequalities in (7.26) imply that for each z € 8(rB) and for h
defined in the proof of Theorem 7.1, the following estimate holds

P(z+h) > c||h)| 2.
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This inequality means that if m = 1, P(z) is not differentiable at = on the boundary
d(nB).

7.2. Smoothness of the density P(z) in the interior Int(wB)
We first reformulate the definition of P(z) in (6.7). By (6.3) and (6.4), for each
z € X450, , wWe see that
T = 0@ & + mo, with 1 = {u ® (—ou),u € X1} C Xt & X,0, .
Therefore the ball
1zNB={w=u®veEmn,:|w-u|<r’},

where the center W = 1(z) and the radius r = r(z) are defined in (7.1)—(7.2), can
be rewritten as
mz NB=0®z+ D(z).

Here
D(z) = {w =u® (—au) € mp : lw —w(z)|? < r’(z)} (7.27)
with r(z) being defined in (7.2) and
W(z) = [(E +a*a) la*z] ® [-a(E + a*a) latz). (7.28)

We now decompose w and  in the basis 8; of 7o, defined in (6.13):
m m
w =Y w;f;, d(z) =Y b,0;,
j=1 j=1

and consider the integral
P(x) =/ I(w, z)dw =/ I'w, z)dw, (7.29)
Bnw, D(zx) .

with w = (w1, -+ ,wy) € R™.
Let z € Int{(wB). To investigate the smoothness of P(z) at z, we consider the
difference

P(z+h) — P(z) = /

T(w,z + h)dw — / P(w,z)dw.  (7.30)
D(a+h) D(z)

By (6.25), the function I'(w, z) is infinitely differentiable in z and in w. By Taylor
expansion
I'(w,z + h) = T'(w, z) + (T, (w, z), k) + o(w, z, h), (7.31)
where
lo(w, z, )| < el|A||* (7.32)
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with ¢ depending on (w, ). As usual, in this case, we denote o(w, z, h) as O(||h||?).
Inserting (7.31) into (7.30), we conclude that

P(z+h)— P(z) = / Nw, z)dw — / I'(w, z)dw
D(z+h)\D(z) D(x)\D(z+h)
+ / (T (w, z), h)dw + o(||h||?). (7.33)
D(x+h)

We now calculate the Giteaux derivative of P(z) at z. Denote e = h/||hl| and
A = ||h||. Divide (7.33) by A and take limit as A — 0. For the third term in the
right hand side, we have

lim 1/ (I‘;(w,w),)\e)dw=/ (T (w, T), €)dw. (7.34)
D(z+Ae) D(z)

A—0 X
To find the similar limit for the first and second terms in the right hand side,

we introduce a kind of “polar” coordinates in the sets D(z + h) \ D(z) and D(z) \
D(x + h) when they are not empty. Suppose that

D(z+ h)\ D(z) £ 0. (7.35)

Let b be the running point on the part of the sphere 0B(z + h) which is the
part of boundary for the set (7.35). Define

a = w(z)bN dB(z), (7.36)

where w(z)b is the vector with end points w(z) and b. Denote by ¢ the magnitude
of the angle Zbw(z)w(z+h). By the cosine theorem in the triangle Abw(z)w(z-+h),
we see that
lw(z + BBl = lw(@)bll? + lw(z)w(z + R)|? — 2ljw()blllw(z)w(z + )| C(()S ¢-)
7.37

Define ||w(z)w(z + h)|| = p(h) and ||w(z)bl] = z. Note that ||w(z + h)b|| =
r(z + h). Then (7.37) may be reformulated as a quadratic equation with respect
to z:

22 —2pzcos+ p®> —r¥(x +h) =0

and therefore z = pcosy + \/ r2(z + h) — p?sin®1). We choose the positive sign
because for ¥ = 0, we should get z = p+ r(z + h). As a result,

Iab()|| = z — () = pcosp + y/r2(z + h) — p2sin? ¢ — r(z). (7.38)
We introduce polar coordinates in the set (7.35):
| Dia+m)\ D) 3w — (¥,0,7)

with (1, w) the spherical coordinate: 1 is the angle in Figure 1 and w is complement
spherical coordinate; the coordinate v is the distance from a to the point that has
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Fic. 1

coordinate w where a is the following point: ¢ = w(z)wNdB(z). As is well-known,
the Jacobian of the transformation w = w(¢,w, ) is equal to (r(z) + v)™"1. So

dw = (r(zx) + 7)™ dypdwdy. (7.39)
Let us estimate (7.38) for small ||h||. By (7.28),
P2(h) = |(E + a*a) ta*h|? + |a(E + a*a) *a*h|? (7.40)
and using (7.2),

r2(z + k) = r2(z) — 2((E + a*a)'a’z, (E + a*a) " la*h)
—2(z — o(E + o*a)"ta*z,h — a(E + a*a)"la*h) + O*(h).

Hence by Taylor expansion and by (7.11),
—_— 1 %* - * .
llab()||(z, k) = p(h) cos ¢ — ;-(x—)((E — a(E +a*a) " a*)z, h) +o(||h]|?). (7.41)
Let 8;(x, h) be the part of the boundary for the set D(z + h) \ D(z), composed

of the points on sphere 8D(z). Changing to polar coordinates, and applying the
Taylor expansion for I and using (7.39) and (7.41), we get

[fab(¥) || (=.h)
/ I'(w, z)dw = / / T4, 0,7, 2)(r(x) + 7)™ dydipd
D(z+h)\D(z) 8 (z,h) Jo

= /a oy T 0,210, Sl +O(IBIP),
- (7.42)
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where, recall, e = h/||h||, and the function ¥(z,, €) is defined by

O] 1 _
/ (@) + 7)™ dy = -((r(@) + B (2, A)™ — r(z)™

= U(z, %, e)||hll + o[|R]|?).
In other words, by (7.41),

U(z,1,e) = r™ (z)(p(e) cos — %z:—)‘((E — oE +a*a) ta*)z,e)). (7.43)

To calculate the integral over D(z)\D(z+h) in (7.33) we use notations of points
w(z), w(z+h),d, ¥ and angle ¢ from Figure 2. Similarly to the case D(z+h)\D(z)
we define ||w(x)w(z + 1) = p(h), |w(@)V| = z, |w(z + R)Y)|| = r(z + h) Then
by Cosine Theorem in triangle Ab'w(z)w(zx + h) we have the equality 22 + p% —

2zpcosy — r2(z + h) = 0 and therefore z = pcosy + \/r"’(:c + h) — p2sin® ¢ (We

put sign “plus” before square root because for ¥ = 7 the equality z = r(z+h) —p
holds). Then

8% = r(z) — 2 = —p(h) cos ¢ + () ((E — a(E + &’ @) 'a*)z, h)
and similarly to (7.42), (7.43) we get

- / Iw,z)dw = / (¢, w,0,2)¥(, $, e)dypdw| B + o |R]1%),
D(z)\D(z+h) . O2(z,h)
(7.44)

where ¥(z,1),€) is defined in (7.43) and 82(z, h) is the part of the boundary for
the set D(z) \ D(z + h) composed of the points on sphere 9D(z).
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Substituting (7.42), (7.43), (7.44) into (7.33), dividing the obtained equation
by A = ||h|| and taking the limit X | 0, we conclude

i D@+ 2e) — P(z) _ / I'(%,w,0,z)¥(z, 9, e)dipdw + / (T (w, x), e)dw.
aD(x) D(z)

1,\110 A

This equality shows that the density P(x) possesses the first variation” for each z
on Int(wB), and moreover

P, h) = / (%, w, 0, 2)¥(, ¥, h)dwdw + / (% (w,3), h)dw.  (7.45)
8D(x) D(z)

Theorem 7.2. The first variation P’'(z,h) is the Lagrange variation. Moreover,
the function

z— sup |P'(z,e)| is continuous forz € Int(rB). (7.46)

e xaak

Proof. Note that the second terms in right sides of (7.45), (7.43) are linear with
respect to h (to e). Calculation of (7.43) in the case of —e gives that the first term
in right side of (7.43) is equal r™~(z)p(—e) cos 1, where 9; = ¢+« and % is the
angle from (7.43). Hence,

™ (z)p(—e) cos = r™ ! (z)p(e) cos (¥ + ) = ~r™ 1 (z)p(e) cos .

Therefore P'(z,—h) = —P'(z,h).
The assertion (7.46) follows directly from the explicit formulas (7.45), (7.43).
O

Now we are in a position to prove that P(z) satisfy (3.18).

Lemma 7.3. For every v1,v2 € Xo0,

/ |P(z — v1) — P(z — v2)|dz < cf|lv1 — v2llx,,, (7.47)

k

where ¢ > 0 does not depend on vy, vs.

Proof. For each z,v1,v2 € Xg0,

P(z—v1) - Pz —vp) = /0 ' dP(z + v, ;09(”2 —v) g0 (7.48)

Note that derivative dP/df is well defined for every @ € [0, 1] except, maybe, one
value such that z + vy + 8(vy — v1) € 7B because P = 0 outside 7B and P

7 Recall (see, for instance, [3]) that P(z) possesses the first variation at a point z if for each
h € Xo0, there exists a limit limy o(P(z + Ah) — P(x))/A := P’(z,h). Evidently, P/(z,h) is
positively homogeneous on h: P/(z, k) = AP/(z, k), VA > 0. The first variation P’(z, h) called
Lagrange variation if P/(z, —h) = —P(z, h).
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possesses Lagrange variation inside wB. Besides, by Theorems 7.2 and 7.1 the
function § — dP/d is integrable and, hence, (7.48) is well defined. Therefore
(7.48) implies

/ Pz~ w) - P(s )| da

1
vg—v
< |lv2 = wlix,,, / / P (:c +vg + 8(ve — v1), ;) dbdz
Xoo, J0 vz — v1llx..,
< llvz — vl x,,, / sup |P'(z,e)|dz.
von lellxpe, =1
This implies inequality (7.47) O

Thus, we have proved that RDS (2.31) is a particular case of RDS (3.15) and
therefore it satisfies all conditions of Theorem 3.2. Indeed, Lemma 7.3 implies
that random dynamical system (2.31) satisfies the condition (3.18). As was shown
above, conditions (3.16), (3.17) are true for RDS (2.31) in virtue of Lemma 4.1.
So assertion of Theorem 3.2 is true for RDS (2.31). This proves Theorem 3.1 and
completes our investigation in this paper.
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