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‘We consider the stochastic Burgers equation
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with periodic boundary conditions, where ¢ > 0, » € [0,1], and 7 is some spacetime
white noise. A certain Markov jump process is constructed to approximate a solution of
this equation.
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1. Introduction

Scientific and engineering systems are often subject to uncertainty or random influ-
ence. Randomness can have delicate impact on the overall evolution of such systems.
Taking stochastic effects into account is of central importance for the development
of mathematical models of complex phenomena in engineering and science. Macro-
scopic models in the form of partial differential equations for these systems contain
such randomness as stochastic forcing, uncertain parameters, random sources or
inputs, and random boundary conditions. Stochastic partial differential equations
(SPDEs) are appropriate models for randomly influenced systems.

Most of the stochastic partial differential equations models are nonlinear in
nature. In particular the Burgers equation with stochastic noise has attracted con-
siderable attention, for example, as a simplified model of fluid turbulence. Due to
the nonlinearity, numerical simulations are often necessary in order to understand
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the dynamical behavior of the stochastic models. In this paper, we propose a
Markov chain approximation method for a stochastic Burgers equation and prove
its convergence.

More explicitly, our reaction-diffusion model is constructed by dividing the unit
interval into NV cells of length 1/N. We place an initial distribution of approximately
NI particles into the cells. The particles in each cell independently jump to neigh-
boring cells according to Poisson processes with rates N2n; where ny is the number
of particles in cell k, and are born or die with rates yNing /2. Moreover, to obtain
the desired nonlinearity we allow particles to jump to the cell next to them on the
left-hand side at a rate approximately given by Nn? /l. Our approximating process
is given by a step-function-valued process XV defined by the rescaled “densities”
ng/l. We mainly assume that > ¢N. Then we show that for N — oo there exists
a limit satisfying (1).

Our method bases on a work by D. Blount [10]. He obtained a process solving
the SPDE

& (t’ T) = Aw(t’ T) - d¢2 (t7 ’I“) + aw(tv ’I“) + w(tv T)n(t’ T)’ (2)
(where d > 0 and 7 is some spacetime white noise) as a high-density limit of a
Markov jump process consisting of birth- and death-processes and diffusion pro-
cesses similar to the jump process described above. We verify some important
martingale relationships between the approximating Markov jump process and its
generator by the method of [18]. This allows writing the process approximately as

XNty — XN0) = /t AnXN(s) + VEHXN(s))2ds + ZN (1),
0

where ZV is a mean-0-martingale and Ay and V} are a discretized Laplace opera-
tor and a discretized first derivative, respectively. It turns out that ZV consists of a
part originating from diffusion and a part coming from the birth process, where the
diffusion part vanishes in the limit. By the method of [10] we can show tightness
of the reaction part of Z% in spaces D(0, T, H*(0,1)) with Skorohod metric, where
H*(0, 1) are certain Sobolev spaces. To show tightness of the remaining part of the
approximating process XV in L2(0, T, L?(0,1)) we adapt a method of [13] and [34]
and especially show a discretized version of the compactness result [19]. The rep-
resentation of the limit, which is now inferred from the theorems of Prokhorov
and Skorohod, as solutions of (1) follows by an application of the theory of super-
Brownian motion, see [15,24,35].

Markov jump process approximations of reaction-diffusion equations have been
studied for a long time. A deterministic reaction-diffusion equation with polyno-
mial nonlinearities is treated in [2]. The approximation of a linear reaction-diffusion
equation by spacetime jump Markov processes is investigated by D. Blount and
P. Kotelenez e.g. in [6,27, 28], and, for various assumptions on the initial density
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of particles and the number of cells, and in different function spaces, and central
limit theorems are proved. These results are generalized to reaction-diffusion equa-
tions with polynomial nonlinearities in [7, 8, 29], by these authors. In [9] laws of
large numbers in a high density and in a low density limit and a central limit
theorem is given for Eq. (2) without noise. Only recently, M. Kouritzin and H.
Long [30] generalized the ansatz to a much broader class of nonlinearities and
applied the idea to a reaction-diffusion equation that is driven by a Poisson point
process and describes water pollution. However, their nonlinearities do not involve
spatial derivatives. Our work seems to be the first step in this direction.

When our work was almost finished, we learned about a preprint by G. Bonnet
and R. Adler [11], where Eq. (1) is studied on the entire real line. Their approach
is based on a multidimensional stochastic differential equation driven by (multi-
plicative) white-in-time noise. By means of Green function representation and a
tightness argument convergence of a subsequence of solutions of the approximating
SDE towards a solution of (1) is shown.

Moreover, the classical Burgers equation has been investigated in the probability
literature in a number of ways, e.g. as limit of an asymmetric simple exclusion
process or as limit of certain particle systems driven by Brownian motions. We
cannot give a complete survey on the vast literature in this field. See e.g. [3,12,
16,17,23,31, 33| just to name a few. An approximation of the 2D-Navier—Stokes
equation is found in [32].

Our work is organized as follows. In Sec. 2, we construct the Markov chain
approximations to (1) in the manner of the above-mentioned works. Section 3 con-
tains the proofs of these results and in Sec. 4 we establish some auxiliary results.

2. Problem and Result

In this section we introduce our models and present the main result.

The stochastic model: is the stochastic Burgers equation

S(t,r) = A(t,) + VU (t,) + VA (),
¥:[0,T] x [0,1] — R, (3)

with initial condition t(0,7) = o(r) and periodic boundary conditions. 7 is some
2
spacetime-white noise, and A and V denote % and %, respectively.

The approzimation model: is a Markov jump process defined as follows. Divide
[0,1] into N cells of width 1/N. [0,1] is from now on identified with a circle of
circumference 1, to obtain periodic boundary conditions. We place an initial dis-
tribution of approximately NI particles into the cells, corresponding to the initial
conditions given in the sequel, so [ can be seen as initial average number of par-
ticles in a cell. For 1 < k£ < N and t > 0 let nfcv(t) be the number of particles
in cell k£ at time t. We suppress the I-dependence of nkN in our notation. Let
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nN(t) = ¥ (@#),...,nN () in N). (Ng = {0,1,2,3,...} = NU{0}.) Define the
jump rates for n™V (¢) by

(ng—1,n%) — (nk—1 +1,n — 1)  at rate N?ng + %(ni +npng_1 + n%_l),
(Mg nis1) — (nk — gy +1)  at rate N2ny.

ng — ng + 1 at rate YNIny/2.

ng — ng — 1 at rate YNIny/2.

(4)

(Observe the periodic boundary conditions for n, ie. NktzN = Nk, 2,k € Z.)
For an introduction in Markov jump processes see, e.g., [18]. The state space of the
process is E := NY.

The generator of the process n™ (t) is given by

. —A(i) i=j
A(i, ) = N 5
6.4) {/\(Z)Q(w) i # J, 5)
where ¢,j are elements of the state space E. Let ¢ = (ng,...,ny), then A(7) is

the sum over the rates in (4), A(i) = ij:l N2ng + B (03 + ngng—y +ni_y) +
N2nj, 4+ yNling. The time the process remains in state i until the next jump is
exponentially distributed with parameter A(z). Q(%, j) is the transition function of
the underlying Markov chain corresponding to the states of the process. If state j
can be reached from state ¢, then Q(i,j) = rate(i, j)/A(i), otherwise Q(7,5) = 0.
If, for instance, j =i up to a jump of one particle from a cell to a neighboring cell,
that means j —¢ = (0,...,1,—1,0,...) for instance, where the —1 is at position k
then rate (i,7) = N?ny + £ (n2 + ngne—1 + ni_;). By

AFG) =D () = F@)AG, ). (6)
JjEE

A operates on the real- Valued functionb f: E — R, see [18]. From [18],
Prop. 4.1.7, e.g., we obtain that f(n fo Af(n” (s))ds is a martingale w.r.t. the
filtration F» C F on the underlying probablhty space (Q, F, P) which is the com-
pletion of the o-field induced by the process n™ (t). Let f = fx, fx(n1,...,nn) = ng,
then

with I(s) := N?(ng11(s) — nx(s)) — N2 (np(s) — nx_1(s))
o (k1) + s (5)me(s) + m(5)
= 37 (i () + ne(s)ni-1(s) + mi_(5)),

nd (t) — /0 I(s)ds is a F}-martingale. (7)

Note that first, with a stopping time 73 such that supy<;<r sup,i\/:1 n{cv
(EATM)L {150y < M, we obtain that nf (tA7ar) — [ I(s)ds is a F}N-martingale
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for all M > 0. Equation (7) will then follow from the proof of Lemma 3.1. Our
approximating Markov jump process will be

Nt k—1 k
XN(t,r) = XNt r) = nkl(), r { NN

), (and periodic extension).

(®)

Let HY be the L?(0,1)-subspace of step functions on [0, 1) which are constant
on the intervals Tl %) Define the orthogonal projection Py: L?(0,1) — HY by

Py f(r N// f(x)dx forre[k—;[l,%) (9)

and introduce the discrete derivatives
Vaf(r) = £N[Pyf(r£N~') = Py f(r)],

Anf(r) = VNV f(r) = VRV F(r) (10)
= N*[Pnf(r+N=") = 2Py f(r) + Py f(r = N1

From (8) and (7) it follows that

XNty = XN(0) + /Ot ANXN(s) + VEFEN (XN (s))ds + ZN (1), (11)
where
N N
Pl U HXOP + XOX(— N+ (X = N7 (12)
and ZN(t) is an HN-valued martingale for /. In mild form this becomes
XN(t) = eAVEXN(0) + /O t AN (XN (5))ds + YN (1), (13)
where
YN(t) = /0 t eANE=)azN (s) (14)

(note that Z% is of bounded variation P-a.s. because it is piecewise absolutely
continuous). For technical reasons we assume that N is odd.

We obtain the following result (for the definition of the spaces see Definition 3.2).
{-,-) denotes the dual pairing and simultaneously the L?(0, 1)-scalar product.

Theorem 2.1. Let XV be the process defined by (8) with deterministic initial
condition 0 < XN (0) € HY, such that for arbitrary a € (0, 1)

N—
IX™(0) = wollare (0.1 = 0,

where 0 < g € H*(0,1) s the initial condition of (3). Moreover assume | > qN
for arbitrary q > 0.

Then there exists a probability space (Q F, ]5) subsequences (Ng)ren and
(Ix)ken, and HN*-valued processes XN" YN and ZNv on this probability space.
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The common distribution of X’N’“, VAL AL equals the common distribution of
XNe YN and ZNk, for each k € N. There exist processes 1 in C(0,T, L?(0,1)),
Y in C(0,T,H*1(0,1)), and M in C(0,T, H*>(0,1)) with a1 < & and ap < —3.
M is a martingale w.r.t. (o(¢(s),s <t)):. We obtain

(XNe YN 72Ny B2 g v )

P-almost sure in L*(0,T,L*(0,1)) x D(0,T, H*(0,1)) x D(0,T, H**(0,1)). The
equation

b(t) = e(0) + /t e =IAV (9(s)) ds + Y (1) (15)
0
is fulfilled P-a.s. in C(0,T,L%*(0,1)) where Y(t) = f et=5)2dM(s) P-a.s. in

C(0,T,H*(0,1)). Here e*® denotes the sengroup deﬁned by the Laplacian A with
periodic boundary conditions. The equation

(¥(t), ) = (¥(0), ¢) +/0 (Av(s) + V(W(s))?, p)ds + (M(t), ) (16)

holds P-a.s. in C(0,T,R) where ¢ € Cp3.(0,1) with ag > 5/2 and (M(t),¢) =

fo fo v (s, z)p(x)dW (s,x) where W is a certain spacetime-white noise. In this
sense, M can be represented as

- / VAW (5)

Remark 2.1. The proof of the theorem will be given in the next section in
Lemmata 3.6-3.11. We have not tried to prove uniqueness of a solution of Eq. (3),
see [11]. We can generalize Theorem 2.1 to random initial conditions. Note that the
[-dependence of the quantities in the theorem is suppressed in the notation.

3. Proofs

Definition 3.1. (i) Eigenfunctions of A: Set ¢o(r) :=1 and

V2sin(2rnr)  for n € N,

enlr) = {\/icos(%mr) for n € Z\N. o

The eigenfunctions of A with periodic boundary conditions on (0, 1) corresponding
to the eigenvalues A\, = —4n?n? are given by the complete orthonormal system
(‘Pn)neZ - L2(O’ 1)'

(ii) Eigenfunctions of Ay: Let

k—1 k—1 k
(,OmN(T) = Pn (T) for r € |:T, N), (18)

where k =1,...,N,n = —%, ey % and N is assumed to be odd. According

to [10], (¢n.n)n form a complete orthonormal system in the space HY C L?(0,1) of
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piecewise constant functions (defined in Sec. 2). They are the eigenfunctions of Ap

corresponding to the eigenvalues 3, v = —2N?(1 — cos(%)). There are constants
0 < ¢ < ¢ with
1 An] <|[BnN| < c2|An] (19)
_ _N-1 N-1
for all n = TT5 sy T

(iii) Projection operators: Py is the L?(0,1)-orthogonal projection on HY and P,
the L2(0, 1)-orthogonal projection on span{py, k = —n,...,n}.

Definition 3.2. We define the usual Sobolev spaces of order o € R with periodic
boundary conditions by

Ha(ovl): = {f = ZanQDna (an)nEZ C R with ||f||H”(O,1) < OO},

nez
where ||f||31a(o 1) = Xnez aZ (1 — \,)?. Similarly we set

(N-1)/2

Hy(0,1) =S fe HV: |[flfrg 00y i= Y, (Fronn)’ (1= Ban)® <o
n=—(N—1)/2

Set 6X(t) = X(t) — X(t—) = X(t) — lims<t,s—t X(s). Then the following are
FN-martingales.

= 6X](s) / AnXN(s) + VEEN (XN (s))ds,
s<t (20)

=3 ax)(s)

s<t

where 6 X5 € HY is a jump caused by diffusion and § X5 is a jump by birth or
death. The proof is similar to [5]. Moreover,

0.7 7 [T+ (X6 + TP TR s

t (21)
N0 / (XN (5)f2)ds

are FN-martingales, f € H".

Lemma 3.1. Let the conditions of Theorem 2.1 be fulfilled. Then with YA (t) =
Jo AN EdzZ (s),

. AL
SUPP(HYB lLo(0,1,101) 2 R) — =30

b

for ay < 1/2.
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Proof. The proof follows [10], Lemma 3.2. We therefore only give a brief sketch of
the idea. Let

t
R(t) = / C=DAN GZN (5 A7),
0

where 7 = 7y = inf{t € [0, T]: (XV (), 1) > p}. Since P(|VA | (o) = R) <
p—0

P(|Rl Lo 0,715y = R) + P(tx < T) we have to show supy P(ty < T) 2= 0
~ é*)m
and for fixed p > 0, supy P(||R||L°C(07T7H;1) > R) == 0. Now let p > 0 be fixed
and define for m # 0 and u € [0, ¢]
M(u) = |m)| / eB”L*N(tfs)d<Zg(s AT)Pm,N)-
0

This is a mean-zero-martingale with M (t) = |m|[(R(t), pm n) and [0M (u)| < 1.
The predictable quadratic variation process << )) fulfills ((M))(u) < cyp, see (21).
Lemma 4.4 of [7] yields Elexp(M(t))] < exp( cyp) whence

P(m** (R(t), pm,n)? > m ") < c(yp) exp(—|m['7"7).
Because for a3 < 1/2 there exists » > 1/2 with a3 + r < 1 such that

ZmEZ\{O} Im| %" < oo and ZmEZ\{O} m? exp(—|m[*”""*1) < oo, we obtain as
in [10]
supP(sup|R<t>|Ha1 zR) <c(r.pTon) Y mPexp(—e(T)|m|'"""**R)
N t<T N

meZ\{0}

+sup P (sup(R(t), 1) > E) o 0,
N t<T c

where the last term is treated similarly to the others For the assertion of the lemma
it therefore remains to show supy P(ty < T) £==5 0 which in turn follows from
Elsup;«r (XN (t),1)] < ¢ uniformly in N: From (Ax XN (#)+ VL En (XN (2)),1) =0
we conclude that (XN(#),1) = (XN(0),1) + (ZN(t),1) and by the Jensen and
maximal inequality and (20)

E [sup(XN(tAT), 1>] =F {sup(ZN(t AT), 1>] + (XN (0),1)
t<T t<T

<25up\/E [(ZN(t A T),1)2] + (XN (0),1)

t<T
< 4sup \/E ZN(tAT), 1))+ E[(Z5 (t A T),1)?]
t<T
+(X7(0),1)
since (Z8 (t A 7),1) = 0 a.s., we continue using Eq. (21) and E[(ZN(tA7T),1)] =0
§4sup\/ / (XN(0),1) + E[(ZN (s A7), 1)]ds + (XN (0),1) < ¢
t<T

uniformly in N. |
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Lemma 3.2. Let the conditions of Theorem 2.1 be fulfilled. Then with YA (t) =
Jo A EDdz (s),

R—oo

SUPP(HYD L o.r,m2t) 2 R) —0,

for a; < 1/2.

Proof. We proceed as in the proof of Lemma 3.1. Due to (21) we obtain with the
notation of this proof:

m2

() =5 [ w28t =)
< (X9, (Thipm )+ 00V (6) 4 P (X6 (o)) ) ds

by HVJI\rIQDm,NHLOO <cm

4 UNT

<o [ et - ) (XSO + G IXT @1 ) s

by [ XY ()l < NIXN ()17

2

m 2
<c— < .
e (Pt p7) < clp)

We can continue similarly to the proof of Lemma 3.1. O

Lemma 3.3. Under the assumptions of Theorem 2.1, the family of the probability
distributions of Y is tight on D(0,T, H*1(0,1)).

Proof. We again follow the proof of [10], Lemma 3.1 and first show that the
distributions of Z% are tight on D(0,T, H*2(0,1)). We verify condition (a) in
Theorem 37.2 in [18] and also (8.33) and (8.29). Let s < & < —1/2 and
I, := Br(0) C H*(0,1) CC H*2(0,1). Then by (21)
P(ZE(t) €Ty) > 1~ P(HZg(t)H?,a > R?)
1)/2
zl—R /E (XY (5), 92 ) ](1 = By)ds > 1
~1)/2

for sufficiently large R, see the proof of Lemma 3.1. Analogously, for 0 <t¢ < T and
0 <wu <4 for some § € (0,1), E[| Z5 (t +u) — ZX (t)|? a(0,1) | FN] < ¢6.

This shows the existence of K,, CC D(0,T, H*2(0,1)) with P(Z§ € K,,) > 1-n.
By Lemma 4.6, K,, CC LP(0,T, H**(0,1)) for all p > 1. According to Lemma 4.5,

t
{/ e=IANANZN (s)ds € C(0,T, H*>75(0,1))| 2} < K,,}
0

cc C(0,T, H**~(0,1)) c D(0,T, H*>~<(0,1))
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for all ¢ > 0. Because P, is continuous from D(0,7, H**7¢(0,1)) into
D(0,T, H**(0,1)), and because of

t
YA (t) = Z5 (t) + / e=)AN AN ZN (5)ds, (22)
0

see [10], the distributions of P,Y2A are tight on D(0,T, H*'(0,1)) for fixed
n € N. The assertion of the lemma then follows from Problem 18, Chap. 3,
in [18] and the fact that for all € > 0 there exist an n € N such that

P([(I = Py)YA || L (o,7,101 (0,1)) = €) < € uniformly in N. This can easily be
deduced from Lemmata 3.1 and 4.2. O

Lemma 3.4. Let the requirements of Theorem 2.1 be true. Then Y — 0 for
N — oo in L>=(0,T, L?(0,1)) in probability.

Proof. According to Lemma 3.2 it suffices to show P,Y2 (A1) — 0 for N — oo in
the L°°(0,T, L?(0,1))-norm in probability for any fixed n, where 7 is the stopping

time from the proof of Lemma 3.1. Proving this can be done as in [6]. O
Let
N=XxN -y~ (23)
y (13), uN: [0,T] — H¥ is continuous. Moreover, between two jumps, we obtain
0
5 uN(t) = Anu (t) + VL Fn (u + Y V)(1). (24)

Lemma 3.5. With constants ¢ independent of N, u™ and YN we obtain the fol-
lowing a priori estimates:

t
™ ()][22(0,1) < exp ( / 1+ 1YV (5)1 7500 ds )
x (||XN<0>|%z(o,1> +e / ||YN<s>||‘i4<o,1)ds) —: £(t)

and

T
/0 IV (8) 2oyt

T
8/3
< [ (ef O+ YOI ) + Y O )t + 1X ¥ O
Proof. We apply a well-known procedure, see e.g. [14]. Both estimates follow from
0 _ 8/3
Sl e+ IV Ee < clu®ife (L4 VNS ) +ely Vs @25)

by an application of the Gronwall lemma. To obtain this, we multiply (24) with uv
and integrate over the spatial variable,

22 ) — (A ) = (Vi Ew (YY) ),
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By partial integration (V}, f,g) = —(f, Vyg) for f,g € HY we obtain

%g\lu 1Z201) + IVt 172001y = S1+ S2 + Ss (26)
with
5= (¥ on (g )+ (o %))Q,VNUN}
Sy = ——<2uN(~)YN( )+ 2uV ( _ %) N ( _ %)

We now treat Si, So and Ss.
S1 =0, because

=53 (e (1)) (= (54) -0

due to peI‘lOdlC boundary conditions. This is the discrete equivalent to the standard
trick fo u? %u = é 01 aawu = 0 used when treating the Burgers equation with
periodic boundary conditions. Note that for thie result we impose the jump rate
in (4). Otherwise we could have taken N?ny, + §'n? as first rate in (4) which would
have entailed Fyy(X) = X? in (12) and therefore an “usual” deterministic Burgers
equation in (13) and (24).

Sa + 85 can be bounded by ¢|[u|| ||V | ]|V yul gz + [Y V74 [V u ] 22

Since [[uM|pa < cfuM| e due to a standard Sobolev imbedding
N

([1], Theorem 7.57) and Lemma 4.2, and due to Lemma 4.3,
3/4 1/4 3/4 — 1/4
™l s < el N g < el e + ella™ 701V N I
the crucial term in the bound of Sy + S5 is
3/4 — 5/4 — 8/3
ellu™ |3V pu 35 Y N e < —HvNuNnm +ellul |2 YN

This yields (25). |

Lemma 3.6. Let the conditions of Theorem 2.1 be fulfilled. Then the family of the
probability distributions of u is tight on L?(0,T, L?(0,1)).
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Proof. By the computation in the proof of Lemma 4.3 we have for all § € R and
oV e HN, ||VEUN||Z[, < c||UN||Z[,+1. A rough estimate now gives
N N

(N-1)/2
IFN @™ +Y M) 200 < D (Fv@™ + YY), 1)2(1 = By n) '+
N m=1
(N—1)/2
<clu¥ +Y N5 D (1= Ban) P < ellu + YV
m=1

for 8 < —3/2. Therefore

T
sup P (/ |V Fn(u® + YN)||§J[, dt > R)
N 0 N
T N N R R—oo
<swpP ([ vV = ) S0
N 0 (&
according to Lemmata 3.5, 3.1 with Lemma 4.2, and Lemma 3.2. Let
(Rnh)(t) = fot e(t=8)AND(s)ds for h € HN and
Z(R) = {u" € C(0,T, H®) N L*(0, T, Hy,):
VAN @ +Y O aommg) < B VR0 20,02 < R,
u (t) = Y XN(0) + Ry (VL En(u™ +YV)(1)}.
Then by the equivalence of the norms in H? and H f, for 5 <0,
P(E(R)) 2 1= P(|VAFn (" + YY) 200,1,m9) > R)
_P(HVJJ\;UN”L%O,T,L% > R)
>1—¢

for R = R(e) according to Lemmata 3.5, 3.1 with Lemma 4.2, and Lemma 3.2.
Moreover, Z(R) is compact in L?(0, T, L?) according to Lemmata 4.5 and 4.4. 0O

Lemma 3.7. Let the conditions of Theorem 2.1 be fulfilled. Then there exist subse-
quences (Ni)ken and (Ii)ken and a probability measure p such that in distribution
on L2(0, T, L2(0, 1)) x D(0, T, H™ (0, 1)) x D(0, T, H**(0, 1)) x D(0, T, H:(0, 1)),

(e Vg™, 254, V) S5
for a; < 1/2 and az < —1/2.

Proof. See Lemma 3.4, Lemma 3.3 and its proof, and Lemma 3.6. The tightness of
the family of the probability distributions of Y is shown as in Lemma 3.3 using
an estimate E[”XN(t)”%?(o,l)} < cr N derived similarly to the proof of Lemma 3.1.
The conclusion follows from the theorem of Prokhorov, e.g. [18], Chap. 3. O

Lemma 3.8. Let the requirements of Theorem 2.1 be fulfilled. There exists a proba-
bility space (2, F, P) and processes @ in L?(0,T,L?(0,1)), Yz in D(0,T, H*1(0,1))
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and M in D(0,T,H**(0,1)) with oq < 1/2 and ay < —1/2 (1, Y, M,0) has
the law defined in Lemma 3.7. There exist processes @' Yév’“, YNk and ZN"
on this probability space such that the common dzstmbut@on of uNk, Yév’“, YN’“
and Zg’“ equals the common distribution of u™*, Yév’“, Yév’“ and ng, for each
k € N. Moreover, in L*(0,T,L*(0,1)) x D(0,T, H*1(0,1)) x D(0,T, H*2(0,1)) x
D(0,T,H*(0,1)),

(@, Ve, 25k VAR 225 (@, Y, M, 0),
P-almost surely.

Proof. This lemma follows from Lemma 3.7, Lemma 3.4 and the theorem of
Skorohod, e.g. [18], Chap. 3. O

Lemma 3.9. Let the assumptions of Lemma 3.8 be fulfilled. Then
a(t) = et o +/ =AY (i + Vp)2(s)ds (27)
0

holds in L*(0,T, L*(0,1)), P-a.s.

Proof. For simplicity we denote the subsequence (N)ien in Lemmata 3.7 and 3.8
by N, suppress the tilde, and replace L?(0,1) by L2, e.g., in this proof. We give the
proof in several steps.

(@) 1En (™))L < [uV][Z2, see (12).
(i) | Fn (u™) —u?[lpr < o —ullp2 ([Ju?]| 22 + [|ull =) since

1

|3 (@@ u¥ @ @ = N7 + o = N)2) = () da

1
< g(lluNJruHLzlluN —uflzz + o + e [0 — e

M allu™ () = w (- = N7z + [u™ + ul| g2 u ~ UHLz)

1 _
< o+ ull g2 flu™ — a2 + NH“NHL?HVNUNHL?-

(iii) ||V — Vyollre < & ll¢llaa for ap > 5/2 because:

_ Nfl)
N/ N 1 dy

= sup sup @' (x) — @' (&r,w)] < NH@"HL%
i

Ve = Vel

= sup sup

b=1N se[55h &)

with some &, v € £, £].
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(iv) If u¥ — w in L2(0,T, L?) then V} Fy(u") — Vu? in L'(0,T, H~) for
ay > 5/2. For

IV Fw (0") = Ve gy
—c sup (VEFn(uY) - Vul,g)

lloll a1 =1
<c¢ sup <FN(uN), Vo —Vye)+c sup <u2 - FN(uN), V)
[lell grar =1 [l a1 =1

c c _
< S s + el — ulle (¥ e + ullzz) + < |V L
N N
according to steps (i), (ii) and (iii).

(v) For fixed n € N, efnNt — eAnt — () for N — oo uniformly in ¢ < T, because
|efnnt — eAnt| < t[B, v — An| and B v — Ap| = 4mn?21=55Z — 1| - 0 for 2 — 0

_ 2mn
where z = =5,

(vi) If AV is bounded in L'(0,T, H~%) then for as > ay,

eAVEpN — eAthNHU(O’T’Hf@Q) — 0 for N — oo.

Applying Lemma 4.1 we obtain
€2 RN — ARNE

(N-1)/2 ?

Z Z <h‘N7‘Pn,N><(,0n7N,(pk>(eﬁn,Nt _ e)\kt) o

keZ \n=—(N—-1)/2
—-1)/2

Z Z L= X)W o )2 (ah gy + ) (€7 — @Anint)?
n=—(N-1)/2 l€Z

H—a2

IA

by a consideration similar to the proof of Lemma 4.2, distinguishing the cases
1=0,1,>2

Z 7‘;071 N <th Sofn,N>2) <(1 — )\n)7'J’2 ‘eﬁn»Nt _ e)mt 2

_ _ 0. IN 2mn

< c( max |€Bn,Nt _ eknt‘2 +(1— )\ko)al—GZ +N2(a1—a2)

[n|<ko
N 2mn 2(a1—a
E (1—003 (T))’_Fko( ! 2)>||hN||§_1a1

The claim follows from the boundedness of A" and (v).

+ max
[n|<ko

(vii) For XV iy Yo in H*, a > 0, we obtain e2¥* XV — Aty for N — oo
in L(0,T, L?).
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(viii) For u®¥ ===, in L?(0,T, L?),
t N t
/ et=DAN YT Ey () (s)ds —=3 / e=)ATu2(s)ds

0 0
in L1(0,T, H=2) because

T t ¢
H / AN En (u?) (s)ds — / e=)ATu2(s)ds dt
0 H—a2
/ / ( (t—s) e(ts)A) VEFN(UN)(S)
H—a2
+ ||e (t=s)a (VEHFn ) (s) — Vu?(s)) ||H—“'2 dsdt.

The first summand in the integral tends to 0 because of (vi) and (iv), the second
due to (iv). See Lemmata 3.5 and 3.8.

N—o0

(ix) uN 4+ YY + VY =—5 wu + Yy, P-as in L*0,T,L?) by
Lemmata 3.8 and 4.6. |

Lemma 3.10. Under the requirements of Theorem 2.1, M and (M, f)? —
'Vfo f2 ds are (0(i(s),s < t))i-martingales, for all f € L>(0,1), where
P —u+YB, see Lemma 3.8. Moreover, M € C(0,T, HO‘Q(O 1)), P-a.s. The
quadratic variation process of (M (t), f) is given by '7f0 s), f2)ds, for all f €
L>(0,1).

Proof. We follow the proof of Lemma 3.6 of [10]. According to the proof of
Lemma 3.1 we have, for m € Z, that

E[(Z5* (1), om)?] < QVE/O (XNk(s),1)ds < ¢

uniformly in k € N, where XNk := gV» + f’év’“ From [18], Chap. 7, Problem 7, we
infer that (M, ¢,,,) and then M are martingales w.r.t. the above filtration.
By the Burkholder inequality and the proof of Lemma 3.1,

B[supzy 1] < et 08| ( | TR s), 1ds) } (XN (0), f) < ¢

uniformly in k € N. [18], Chap. 7, Problem 7 yields the second claim.
Moreover, M is continuous because [|[§Z5* (t)|| - 01) < w7 — 0 for k — oo
The representation of the quadratic variation process of (M (t), f) follows
from (21). m|

Lemma 3.11. For the quantities M and Yg defined in Lemma 3.8, P-a.s.,

Yp(t) = /O t (=B dM (s)
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holds in C(0,T, H*'(0, 1)) M can be represented as M (t fo VW(s)dW (s) in
the sense that (M (t) fo fo v (s, x)p(x )dW(s,x) for all p € C’g‘;r( 1)
where W is a certain spacetzme white noise on a possibly again extended probability
space. See also Chap. 2 of [35] for an introduction to integration w.r.t. martingale

measures.
Moreover, i € C(0,T, L?(0,1)) and (27) holds in this space.

Proof. From (22) we infer that
¢
V) = 250+ [ A 2 )

and similar to the proof of Lemma 3.9 the right hand side converges
to M(t) + [ e®AAM(s)ds in D(0,T, H**(0,1)) + L*(0,T, H*>~2(0,1)). By
Lemma 3.10, the equality Yp(t) = M(t) + fot et=)AAM(s)ds holds in
D(0,T,H>(0,1)). Note that the stochastic integral fot e(t=9)2dM (s) is well defined
and has a version in C'(0,7, H*2(0,1)) according to [26]. For all m € Z we have

(Vi (), o) = (M(2), o) + / (= A (M (5), om)ds

t t
:/ e(t*‘q))‘""d<M(s),<pm> — </ e(ts)AdM(s)gom>
0 0

in C(0,T,R) by a stochastic partial integration formula whence Yp(t) =
fot e(tfs)fdM(s) € C(0,T,H(0,1)). Similarly to the proof of Lemma 3.1 we have
that P,Yp tends to Yp in D(0,T, H*1(0,1)) and therefore Y5 € C(0,T, H*1(0,1)),
P-a.s. This yields the first part of the claim.

The representation of the martingale M by a stochastic integral follows by [24].

Since @™* is bounded in L?(0,7T,H%), it is bounded by Lemma 4.2 in
L2(0,T,H®) for all a < 1/2. For possibly a subsubsequence this yields a™V* — @
in L2(0,T, H*) and a.s. in [0,7] in H® for all o < 1/2. From Lemma 3.5 we infer
@ € L*(0,T, L?) and the claim follows by the method of [14]. O

4. Auxiliary Results

Lemma 4.1. Let agnv =1 and bp,y = 0 and

N 2mn N 2mn
wN = omsin () by = o ) -1, 2
an N 27msm< N> N=5 cos( N) > (28)
for allm € Z. Then we obtainforn:—¥,...,7_1 and m € 7

(Pn,N»Pm) = Gm,N form=4n+2zN, z€Z, m<0, n<O0,
(pn,N»Pm) = tamn form=xn+2zN, z€Z, m>0, n>0,
(pPn,NsPm) = —bm,Nn form=xn+2zN, z€Z, m>0, n<0,
(pn,NsPm) = by N form=dn+2zN, z€Z, m<0, n>0.

Otherwise, this scalar product is zero.
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Proof. Elementary calculations. O

Lemma 4.2. For a <1/2 and f € HS(0,1), ||f||§1n(071) < CHfH%{;:,(o 1) holds with
a constant ¢ independent of N and f.

Proof. Since this is not proved in the references we know of, we sketch the proof.
By Definition 3.2 and Lemma 4.1
N

HfHHa = “te Z fion,N) (Z(ainJrlN,N + binJrlN,N)(l - AinHN)a) )

leZ

n=1
where

Z (a%nyin oy + Vi) (1= Aengin)®
lezZ

2 [ 2 2(a—1)
<¢N (1 — cos (T Z(:I:n +IN) .

IEZ

This can easily be estimated by %( — cos(H2))n?™ < cl'f;a which implies
the claim. 0O

Lemma 4.3. For f € H(0,1) we obtain with constants not depending on N and f

3
[Fal whon < cllfll720,1 ||f||H1 0,1)
and
£l 0,1y < ellfllzzo,1) + el Vv fllzz,1)-

Proof. The first inequality is an application of Holder’s inequality. For the second,
we compute for k=1,..., N and m # 0

k k
VN Pm,N (ﬁ) = 20m(am NP —m,N + bm,NOm,N) (N) :
This yields for m > 0

<f7 VE()OWL,N>2 + <fv VJI\r/QD—m,N>2
= @rm)? ({f, oman)? + (. 0-m)?) (a2 + V2 )
2

By al, n + 0l n = (=Bm.n)/(2mm)? we easily deduce the assertion from
Definition 3.2. O

We now show a compactness criterion which is in some sense the discrete equiv-
alent to Theorem IV.4.1 in [34].

Lemma 4.4. Let (u¥)yen be relatively compact in C(0,T, H?(0,1)) for some
B <0 and (V{u™)nen be bounded in L*(0, T, L?(0,1)). Then (u™)nen is relatively
compact in L*(0,T, L?(0,1)).
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Proof. Let @ be the piecewise linear function that coincides with uV at the
points k/N, k=0,...,N — 1. Then ||a" — u"||2, = 51z ||V{u” 2. and therefore
[a¥ 2 < eluV |2, + 1 + ) [VEu 22 and a8 +M —aN |2, < cfud+M —
w125 + &= IV e M2, + & IV e ]2, Hence we deduce from a classical
interpolation inequality that Ve > 0: 3C. > 0: 3Ny € N: VN € N: N > Ng:
VM eN: M >0:

N4+M N N4+M N
llu My H%2(O,T,L2) 35(||VE+M“ * H%2(0,T,L2)+HVE“ H%2(O,T,L2))
N+M N
+ Ceflu¥ M — H%?(O,T,Hﬁy
O

Lemma 4.5. Let (RyhV)(t) = fot et=)ANEN (8)ds for hWN € HN. Then for
p > 1,7 > 0 such that 1 > %—1—7 and for B € R such that 8 + 2y < 0,
(RnhN)Nen is relatively compact in C(0,T, H?+27(0,1)) if (hV)nyen is bounded
in LP(0,T, H%(0,1)).

Proof. Here we adapt the method of [19]. We obtain by a standard argument that
['2N fllgaris < (14+5) | fllge for 3 € Rand v > 0 with a constant ¢ not dependent
on N and f. An application of Hélder’s inequality then yields for sufficiently small
&> 0that forallt <T

IRNRY ()| grzenee < e(T5 €7, D)W Nl Lo om0

whence (Ryh™¥ (t))yen is relatively compact in H27+5(0,1) for all t < T.
Similarly we estimate for s <t

t
H/ 6(tiT)ANhN(T)dT

Since due to 3+ 2y < 0, the norms of H#+27(0,1) and HY?7(0,1) are equivalent,
see [10], we obtain [|[Axe'®N f| g2y < (14 557)||f|| e and

H /S (e(t—T)AN _ e(s—T)AN> W (7)dr
0

s t—1
= H / AneNPdph™ (r)dr
0 Js—71

. 1
§C(T»&%P)||hN||LP(0,T,HB)|t_3|1 N

H2v+8

H2v+8

H2v+8
<e [N Ollas (=94 (677~ =7
by a technique used in [14], Appendix A,
< (T, 57%p)HhNHLP(o,T,Hﬁ)\t - 3\1*%*7

for [t — s| < 1. This shows that (Ryh"¥)nen is equicontinuous in H27+4(0,1)
on [0,7]. O

Lemma 4.6. Convergence in D(0,T, H*(0,1)) implies convergence in LP(0,T,
H*(0,1)),p > 1.
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Proof. First, D(0,T,H*) C L*(0,T,H®) algebraically due to the existence of
left limits and right continuity in D(0,7, H*). Let (fn)nen be a sequence in
D(0,T,H*) which converges to f in that space. Then according to [18] there
exists a sequence of strictly increasing Lipschitz continuous functions (p,)nen
with p,(0) = 0 and p,(T) = T such that lim, . sup,<r |pn(t) — t| = 0 and
limy, o0 SUP; <7 || fu(t) — f(pn(t))|| e = 0. Because of 5.5.1 in [18], f(pn(t)) — f(t)
a.e. for n — oo and therefore fOT 1 £#) = f(pn())]|%a dt due to the integrable bound

C||f||lz,oc(07T7Ha)- O
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