Physics 403: Relativity
Takehome Final Examination
Due 07 May 2007

1. Suppose that a beam of protons (rest nmss 938 MeV/c? of total energy
E = 300GeV strikes a proton target at rest. Determine the largest mias o
particleX that could be produced in the following reaction:

P+p—p+p+X

Solution

The proton projectile (with mags and total energ¥) is incident upon a proton
at rest. Thus, the total initial energy and momentum in tihedatory frame are
given as follows:

E'® = E+md==300938GeV
szilab|2 — E2_ R

The final state consists of two protons (with enerdgigsand E,, respectively)
and the X-particle (with masBlx and energyEx). Thus, the final energy and
momentum are

E{® = E;+E;+Ex
Bi® = Pu+ P2+ Px

Let us view this collision in the center of momentum framewinich the total
momentum is zero — before as well as after the collision.

We make use of Lorentz invariance of the quanBf/— c?p? to determine the
energy in the center of momentum frame:

(E°™2 = (E%®)2 — 2(p/2*)? = (E+m)? — E2 + nPc* = 2mE(E + m)

At the threshold for production of the X-particle, each oé ttinree final state
particles will be at rest in that frame. As a consequence

EFM = 2mc + myc?



Setting these two energies equal, we obtain

Eicm — Efcm
\/chz(E+mc2) = 2mc 4 myc?

v/2.0.938.300938GeV = 1.876GeV-+ myc?
23780 = 1.876+ myc?
myc® = 21.884GeV

2. Arocket ship accelerates directly away from the eartth)<R) with a constant
acceleratiory, as seen in the rest frame of the rocket.

e Calculate the angular size of the earth, as viewed from ttketpexpressed
in terms of the proper time of flight on the rocket.

e Show that, as the proper time gets large, the angular sizeoages the
limiting value JR/c?.

Solution

Let us restrict considerations to linear motion of the ra@teng thex-direction,
with the other spatial coordinates set to zero. The space ¢mordinates of the
rocket ship in the frame of the earth at earth titrere x* = (ct,x). The four-
velocity is given by

u“—%— Cﬂd_x — Cd_X — (CV)
ot \“avar) Y\ %aq) TYE

This four-velocity always satisfies the relation
Uy U = ¢

Let us define the four-acceleration as

_dut dat < d2t d2x)

H ar (2T
a dt dt?

C V—s
dt2’ dt?

It follows directly from the definition that

auut=0



in every inertial frame. In the instananeous rest frame efrdtket (co-moving
frame) the speed of the rocket is zero, so that (c,0) anda = (0,g). we may
calculate the frame-invariant quantiy a# = —g2.

Let us next calculate these two invariant quantities in gmghés frame:

d’t  d%
u = = = _— [N
a, =0 y (02 el dr2>

b2 (B (A
& =-0 = dr2 dr2

Thus
L dix
dtz " dt?
-2 (5 -
c? dt?

d?x d
PZE(YW = Y9

dv V2
Y (1+y2 g> = vg

dv _
dr g
dv
1-vjc2 g dr

We begin withv = 0 at proper tima = 0, so that

v = ctanhg
c
y = coshg—cT
dx [
o - yv_csmhz

Since the rocket starts & = Re at proper time = 0, its position at proper time
Tis



x:%(coshg—;—l>+Re

According to an observer inside the rocket, the distancartih & Lorentz-contracted:

g X_ c?(costgt/c—-1)+gRe

% gcoshgrt
The angular size of the earth, as seen on the rockét, vehere
 y R _ g Re coshgt/c

Ny ==Y " c2(coshgt/c—1) +gRe

In the limit of large proper time we obtain the limiting angular size:

9 9gR
The rocketeer thus always has a (small) glimpse of the regeshrth — at least

in principle!

3. A black hole at the center of our galaxy has a radio sourcgngan a circular
orbit about it with a visual radiu8 of about 02 arc seconds, and with a period
T of about 30 years. The galactic center is a distedad# about 10 kiloparsecs
away from us. Using Newtonian gravity, determine the magk@black hole.
Solution

We shall use nonrelativistic kinematics and Newtonian igyaunder the assump-
tion that the orbiting radio source (massand orbit radius)is much lighter than
the black hole (madll), as well as far away from it. Consequently

GMm
F=—p = mu?r
enl>  ,  GM
T 7Y T 2
T2 _ 41r3
GM

This formula would also apply for the orbit of the earth abitg sun (masks),
with its (average) radiuss of 1 AU ~ 1.5 x 10 mand periodlg = 1year. That
is



arer
GMs

TE =

Taking the ratio of these two expressions, we obtain

AT
= e [

We may thus determind (in solar masses) in terms ofin years and in AU by
using the fomula

M=T??3

The timeT is 30 years. What is the distance
First we express the distanbeto the galactic center iAU:

LA —2x10° AU

D = 10* parsecx
P 5x 106 parsec

Next, we obtain the visual radiusin radians:

1deg mirad

_ —7 ;
3600 arcseé. 1 deg 9.7x10 " radians

0 = 0.2 arcsex

Thus the orbit radius is = D8 = 1900AU andM = 190G*/30? = 8 x 1P solar
masses. Since the solar mass is P0°° kg, we may express the mass Ms=
1.6 x 10%" kg.

The Schwarzschild radius of the black hole may then be coaaput

2GM
Ry="—5=24x10°m

Since 1AU = 1.5 x 101 m, we obtain

r = 1900AU = 3x 10" m



The orbiting radio source thus lies at a radius of more thanhteusand times the
Schwarzschild radius, so that nonrelativistic kinemaéind Newtonian gravita-
tion are justified.

4. A comet starts at infinity, goes around a relativistic,stad goes out to infinity.

The impact parameter of the comet at infinitybisThe Schwarzschild radius of
closest approach ig. What is the speed of the comet at closest approach as seen
by an observer at that point?

Solution

The comet trajectory in the equatorial plae- 11/2 is a timelike geodesic, with

the effective action

[l (&) (2 ()

The three constants of the motion are

We substitute the first two equations into the third one t@iobt

2 2
C2AZ — dr + 1—2—R 1+B—
ds r r2

Then we use the relation

dr _dr dg
ds do ds

and the first constant of the motion to obtain

c2A2 1 /dr)? 2R\ /1 1
w o rld) T\ ) \ete

We make the replacement= 1/r to get



c2A2 du\? 1
S :(&p) FP (1-2R U + o (1-2RY

First we evaluate this expressionrat o, whereu = 0 anddu/de= 1/b. We
obtain

A2 1 1

B 2B
We also evaluate it at the distance of closest appraaehyy = 1/rg, for which
du/de=0:

C2A? 1
o = ud (1-2R W) + 55 (1-2R W)
We set these two expressions equal, and solve fBf:1

1 1 ) 1
= 1-2Rw) — —
B2 2R (UO ( l-b) bz)

We then obtain

A 1-Rw(, 1
B2 2Ry \ ° B2

The velocityvg at the distance of closest approach is transverse, with imoagn

-t d_(p_r de/ds B/ro _ Buw (1-2Ruw)
T= %t~ % dtjds A/(1-2R/rg) A

Now we use the formula just obtained f@A/B)? to get

y cv/2RW (1 - 2Ruw)
T =
1-1/(bAd)

5. For the two dimensional metric

ds® = (1+gx)?(cdt)® — dx¥®



compute the Christoffel symbols and the Riemann tensordditian, find a full
set of linearly independent Killing vectors.

Solution

The components of the metric tensor ggg = (14 gx)? andgyy = —1.

The Christoffel symbols are computed as follows:

1
Moe = égad [0p9dc + 0cObd — OdYnc)

1
Mo = 59" [~01900 =9 (1+9¥)

1
Mo=ro = EQOO[—algoo] ==

1+09x

The rest of the Christoffel symbols are zero. For the Rientammature tensor we
have

I:\)gtcd = acrgd - adrgc"‘ rgergd - rgergc
I:3<1)10 = —60r(1)1 =0

Rloy = —01M— T3 io=

2 2

¢ ¢ _,
(1+9%9%  (1+9%?

All components of the Riemann tensor vanish, so that theesjzaftat. The co-
variant Killing vectors(kg(xo, X), k1(Xo, X)) satisfy the following equations:

aakb‘f‘abka = ngbkc

We thus have the following three equations:

61k1 == rilkc - O
doko = 2M3gky =g(1+4gx)ks

2q
_ 0 _
Ooki +01ko = 2I5pko = 1—|—gxk0

The first equation requires thi is independent ok; k; = f(xp). The second
equation then requires that



doko = 9(1+9x)f(x0)
ko = h(x)+9(1+gxd(x)
d'(x) = f(xo)

We insert these results into the third equation to obtain
29

d"(0) + (9 +g%d(x0) = 7" N0 +20°d(x0)

M0~ ) = gPd0) — 0o

In the last relation, the left side depends onlyxgywhereas the right side depends
only onx. Therefore, they are each equal to a constanEor the left side:

N 2gh A
(1+9x2 (149gx)3 (1+9gx)?

d h A
dx | (14+gx2|  (1+gx)?
h Al

— -2
° gltox

A
hoo = ho(1+9%°— £(1+9¥
For the right side:

g°d(x0) —d"(x0) = A
d(xg) = %JrAeg"OJrBe_%

We may then determine the Killing vectors:

ko = ho(1+9X?+g(1+0x (A€ +Be 90)
ki, = gAd&0_gBe 90



Note that the parameter cancels out the expressions, and that there are three
linearly independent Killing vectors. Here is a full set ofdarly independent
Killing vectors:

(ko,k1) = 1+9%?(1,0)
(1+9x ¥ (1,9)
(1+gx) e %0 (1,—g)

The transformtion from this metric to two dimensional Mimkski space is given
by the transformatiofixg, x) — (X3, X'), where

X = (1/9+x) sinhgxo
X = (1/g+x) coshgxo

The infinitesimal changes in coordinates are given by

dxy, = dxsinhgx +dxp (1+gx) coshgxy
dX = dxcoshgx+dx (1+9x) sinhgx

Thus,
ds? = (dxp)? - (dX)? = (1+ g% (dxo)? — dxX

This result may be shown directly from the transformatiamfola for the Killing
vectors:

_ ouM

ky = ouv Kl




