Physics 403: Relativity
Homewor k Assignment 2
Due 12 February 2007

1. Inverse Compton scattering occurs whenever a phototessatff a particle
moving with a speed very nearly equal to that of light. Sugpbst a particle of
rest massnand total energy collides head on with a photon of energy. Show

that the scattered photon has energy
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Ultra-high energy cosmic rays have energies up t& 8. How much energy
can a cosmic ray proton transfer to a microwave backgrouotbpl?

Solution

The collinear collision is pictured below:
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Proton: energ¥, Photon: energ§
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Before Collision

Photon: energyg;, Proton: energy’

e
After Collision

The equations of conservation of energy and momentum are

E+E = E'+E
P—py = P+p

Since the initial and final photon are massless, we igve cp, andEj = cp.
Let us solve for the final energy and momentum of the proton:



cg = cp—E,—E

Thus

E”—(cp)® = (E+E/—E)*—(cp—Ey—E)?
= E?—(cp)?+2E(E,— Ey) + 2cp(E, + E|) — 4E,E,
Let us make use of the energy-momentum relatieis- (cp')2 = nc* = E? -
(cp)? to obtain

In the extreme relativistic limit, we make the replacemgmt— E in this expres-
sion to obtain

o___ EE
Y B+ mect/(4E)

As a crude estimate, thatc® = 10° eV andE, = 104 eV, corresponding to mi-
crowave black body radiation at a temperature of a few KslviFor an incident
cosmic ray proton of energy eV, we obtainE; ~ 4 x 10'® eV. Consequently,
the cosmic ray loses 4% of its energy in such a collision. felsthat this effect

is responsible for the decrease in the number of high energmic rays at about
this energy.

2. A ray of light is reflected from a plane mirror, which movaghe direction of
its normal with velocity. Prove that the angles of incidence and reflecttband
@, respectively, are related by the formula

sin@  cosB £v/c
sing  cospFVv/cC

Solution
The incident and reflected rays are shown in the rest frameeafirror.



Reflected Ray

Mirror

Incident Ray
Rest Frame of Mirror

Their four-vector momentdk; )" and (ks ))*, are given in that frame as follows:

(k)" = (kkcosp,ksinp,0)
(k" = (k,—kcosp,ksinp,0)

In the moving frame, these rays are shown below:

Reflected Ray

Mirror

Incident Ray
Moving Observer
Their four-vector momentdk/)* and(k} ), are given in that frame as follows:

(k)" = (ki ki cosh,k{sin®,0)
(k/f>u = ( /f?_ /fCOSp, /fSin(p70>



The respective four-momenta in the two frames are relatetidoy orentz transr-

form. It is convenient to apply the inverse transforms. Wesddor thex andy
components of the incident four-momentum:

(k)b = y((K)+BK)®)
kcosp = Yk (cosB+)

(k)2 = (K)?
ksinp = kisin®

Taking the ratio of these equations, we obtain

sinB
y (cosB+ )

Now we consider th& andy components of the reflected beam:

tanp =

(ki)' = y((K) +B(Kp)®)
—kcosp = yk; (—cosp+B)

(ke)> = (K;)?
ksinp = K;sing

Taking the ratio of these equations, we obtain

sing
y(cosp—B)

Since the two expressions for amust be identical, we obtain

tanp =

sinB sing

y(cosB+B) y(cosp—P)

The factors ofy cancel out, so that




sine sing
cosf+B  cosp—fB

The result is thus established.

3. A patrticle of massn and total energye decays into two massless particles
that travel symmetrically with respect to the direction obtron of the original
particle. Determine the angof the decay products with respect to the original
direction. As particular cases, consider the non-relivicase and the extreme
relativistic case.

Solution

Here is a picture of the situation before and after the decaggss:
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Before After
Decay of Massive Patrticle into Two Photons

Let the incident particle have initial energyand momentun to the right. The
final photons have momenfa. and energie€+ = cp..:

£ = T +E
P = P++P-

It follows from symmetry thatE. = £_, and that the momenta. are of equal
magnitude. Thus

Z == 2£+
p = 2p;cosd

As a consequence, withthe speed of the incident particle, we obtain

\_(;:C_F):M:c;ose

E £,



Note that, when the speed of the incident particle is smatigared with the ve-
locity of light, the opening angle between the two photort) (& close to 90. As
the speed of the incident particle increases, that opemglgdecomes smaller,
approaching zero in the extreme relativistic limit.

4. Calculate the area of a circle of radiuglistance from center to circumference)
in the two-dimensional geometry that is a sphere of radiusShow that this
reduces tar? whenr < a.

Solution

Choose a spherical polar coordinate system with the poliar (&orth pole) at
the center of the circle. The radius of the sphere is a 6p, wherefg is the
polar angle subtended by the perimeter of the circle. Thiasairarea inside the
(curved) circle is

S 2n
A= az/ "de sine/ dp = 2ma’(1— cody) = 2T[a2(1—cos;)
0 0

From the relation

g2 ot
HBn=1— 94+ 0_ ...
COSYp 2+24

we obtain

83 6g 03 r2
_ 2(20 20 ) _p2(1-9) —mr2(1- -
A= o ( 2 24) <1 12) (1 12a2)

Whenr = 100m, the area is approximatetyx 10* n? = rthectares, differing from
that value by about 2 10711, When= 100km, the deviation is approximately
2x107°.

5. Consider a particle with four-momentyorand an observer with four-velocity
u = (yc,W). Show that, if the particle goes through the observer'sratooy, the
magnitude of the three-momentum measured is

Sz (PU\2 .
PI°= ( S ) p-p
Solution

Suppose that the observer is moving in xhdirection with speed, so thatut =
y(c,v,0,0) =yc(1,B,0,0).

The four-momentum of the particle in the initial frameps= (p°, B), so that



p-p=ppu = (P)?—PB-P=po—pPi—pP{— s
p-u=pluy = p°u’—p-t=p°u®— peic=ye(p° — Bpx)

We thus obtain

() =y - Bpo?

c

Consequently

(B pp = (0 Bp)®— (0°7— B i 1)

= (YV—1)(p°)2—2y*Bp°px+ (1+PAA) P2+ pd + p2
= YA(p%—2Bpxp° + B2(p%)?) + p + p2
= YVA(px—BP%)%+pj+p2

The components of spatial momentum in the frame of the moviosgrver are

P, = V(px—Bp%)
Py = Py
P, = Pz
so that
101 = yP(px— BP%)?+ p§ + P2

The result is thus established.



