Physics 403: Relativity
Homework Assignment 4
Due 26 March 2007

1. Consider the three dimensional space with the line elemen

ds? = dr? 4 r2(d@? + sirf 8 d¢?)

1
1-r/R
e Determine the surface area of the sphere that correspomds B
e Determine the volume of the spherel R.

e Determine the distance to the center of that sphere.
Solution

The area of the sphereat Ris determined from the angular components of the
metric tensor:

A = /dseds(p /Rde Rsmed(p

_ RZ/O sinede/o dp= R 2. 21— 4T

The volume of the spheire< Ris given by

V—/dsrdsed —4n/Rﬂ
B »= 1-r/R

In this integral we make the substitutior= Rsir? p, where 0< p < T/ 2:

/2 ind /2
V = 4n/ Rsirf'p 2Rsinpcosp dp = 8nR3/ sirp dp
0 COsp 0

/2

— 8T[R3/ sinp(1—cogp)?d

We substitutels = cosp to obtain



1 8  64m
V_8T[R3/O du(1—u) 8T[R315 15R3

This volume is somewhat larger than the volume of a spheraigtidean space,
4TR3/3.

The distance to the center of the sphere is again calculaistthe metric tensor:
RVRdr r=R
D _/d / 7:[—2 RR—r] — 2R
R= )98 7 ~r /R o VR—T R0
Again, the distancepr is greater than the Euclidean distanie,

2. The two dimensional torus can be embedded into three diimea Euclidean
space by the relations

X = Rcos8[1+ psing
y = Rsind [1+psing
Zz = Rpcosp

where 0< p < 1 is a fixed parameter. Compute the following quantities lar t
torus, parametrized biB, @):

e The metric tensor induced by the embedding from the Eudficeetric.

e The Christoffel symbols

The Riemann curvature tensor.

The Ricci scalar

Solution
The infinitesimal Cartesian displacemefti, dy,dz) are calculated in terms of
(d6,dg) as

dx = —Rsinb (14 psing) dd+ RpcosBcospde
dy Rcosb (1+ psing) d6+ RpsinBcospdg
dz = —Rpsinpdo



Thus we calculate the infinitesimal distart:
ds? = dx® +dy? 4+ dZ = R? (1+ psing)? d6? + R%p? d¢?
The nonvanishing components of the metric tensoggge= R?(1+ psing)? and

The Christoffel symbols are given by the formula

1
M= QgAp [0vGop +0uGpv — FpGyw ]

The following Christoffel symbols are non-vanishing:

o cosy (1+ psing)
Mo = — P
_ pcosyp
Too=T8p = 1+psing

The Riemann curvature tensor is

The nonvanishing components of the Riemann tensor are

Reso = _Recpe——(p(1+PCOS(P)
o _ 9 _psing
Reoo = ~ 1+psing

The Ricci tensor iR,y = F{\w. Its nonvanishing components are

Si

Reo = - (L+psing)
_ psing

Rep = 1+ psing

The Ricci scalar curvature is



2 sing
g l,lV = -
R=9¢"Ru R2p 1+ psing

We may compute the Killing vectokg = [ke(8,9), ke(8, ®)] for this geometry by
solving the equations

Ouky+dy ky— 2, ky =0

Thatis,
cosp(1+psin
doko = Tykp= 2 pp Y,
pPCcosp
Qo ko +doke = 2MGpke =27~ o ko

oo = O

From the last relation we conclude thgtis independent of the variablg The
second relation can be written as

pCcosp .
Ooko =27 "oingl® = %k
.0 ) L

(14 psing) 6¢[—(1+psin¢>2} = —0Og kg

We define the quantitg(8) = —dgke, and write this equation as

Ke ()
aq’((lJr psincp)z) (14 psing)?

Let us integrate with respect to the varialpleo obtain

ke = (1+ psing)? [f(9> +9(8) /sz ﬁ]

We insert this relation into the first Killing vector relatipto obtain

(1+psing)® {f’(e) +d'(8) /T:/pz (HS*W} _ _C°S<P<12 psing)

Ko



This equation must be satisfied at every value of the vari@gbfettingg = 11/2,
we establish that’(8) = 0 at all6. Consequently,

) @ dy B cosp
9 /n/z (1+psing)2  p(1+psing) “(®)

We differentiate both sides with respectgto obtain

g'(e) _ sing COSp
(1+psing)? [p(l—l—psin(p) (1+ psing)? ko(B)

Since the relation must also be true atg@iit follows thatkg(6) = 0 andg/(6) = 0.
Furthermore, sincg(0) = —dg Ky, it follows thatg(6) = 0. Consequentlyf (6) =
fo is a constant, and the only Killing vector is

ky = fo [(14 psin®)2,0]

Note that the corresponding contravariant Killing vector i
k=" ko = fo [1,0

The existence of this Killing vector may be established fribra fact that the
metric tensor is independent of the coordirat®/e have shown that it is the only
Killing vector for this metric geometry.

3. Show that for any two-dimensional manifold the covar@anvature tensor has
the form

Rab.cd = K [Jac Obd — Jad Jod]

wherek may be a function of the coordinates. Why does this resulgaoeralize
to manifolds of higher dimensions?

Solution

The covariant fourth order Riemann tensor has the followyrgmetry properties:

Rab.cd = —Roacd = —Rabdc

In any two-dimensional space there can be only one indep¢rdenponent of
that tensor, since the indicés, b) as well agc,d), must be distinct.
Thus, of the 16 components Bfp cq4, we have



Ri221 = —Ro121= —Rip12=Ro112

and all other components vanish.
The tensor

Qac 9od — Gab Yed
has the same symmetry propertieRagcq, SO that the two tensors must be pro-
portional:

Rab.cd = K [JacObd — JabOcd]

wherek may depend upon the two coordinates, up).
For the example considered in Problem 2, we have

Reoo = Yoo Rge(p = —Rzpsin(p (14 psin)
Repop = Joe R?pe(pz R%psing (1+ psing)
Ooedgy = Rp?(1+psing)?
The structure is evident in this case, with
K — sing
PR2 (14 psing)

Note that the scalar curvatureRs= 2k.

4. Consider thedyperbolic Plane defined by the metric

42— dxzjzdy2
y

wherey > 0. Show that the geodesics are semi-circles centered ordRis or
vertical lines parallel to thg-axis. Determinex(s) andy(s) as functions of the
lengths along these curves.

Solution

The line elemends’ is invariant under a change in the scale of coordinates;
(X,¥) — (A X,Ay). The components of the metric tensor are



O =1/g% = 1/y2
yw=1/g" = 1)y
Oy=0yx = O
The Christoffel symbols are determined by the formula
1
rﬁv = ngp [0 9o+ 0y Gov — Op O]

The non-vanishing Christoffel symbols are

1
My = ngy OyQyy = —

1 1

riy = r§x = ngx 6ygxx = _gl
1 1

M = _Egyy OyOxx = ;/

1

y

The Riemann tensor may be computed from the Christoffel sysnb

1
_ Xrrx _
Ry = —0 X+rxyryy Mol sy = V2
Reyxy = gXXRi/(xy:

All other components of the Riemann tensor may be obtainedjuke formula
in Problem 3, withk = —1. Note that the scalar curvatureRs= —2, and that it is
scale-invariant.

The equation for the geodesia%(s) is

d2u® _, diP du’

- 4 - 7

d<? By ds ds
That is,

d’x  2dxdy
dg ydsds N

dy 1 /dx dy\-
—sﬁy(—) y(ds) -0



It follows from the definition of the metric

d§:w

that

dx\ 2 dy 2
(&) (&) -7
(This relation may also be obtained from the geodesic egusithemselves.) We
use this relation to case the geodesic equatiog(®rinto the form

d?y dy\’
Y@ Y =2 <d_s)
Adopting the notatioly = dy/ds we may write

dy_dy _dydy_,dy
d ds dyds ~ dy

Thus the geodesic equation fptakes the form
dy 2 2
yy dy +y =2y

This is a nonlinear first order differential equation §6as a function ofy; y (y).
We express it in terms dafy) = y2:

y dt

2dy+y2:2t
or

dt 4

—_Tt=_2

ay y

We multiply this linear first order differential equationrfo by the integrating
factor 1/y* and solve it:



1dt 4 2
S
() = w(7)
;—4 = K%+
R

Equivalently, we have

Y= = /iy

~ ds
dy ds

y2\/1/y? —K?
Let us define the variabig's) = 1/y(s), so thatdu= —dy/y? and

du

e ®
This equation may be integrated directly to obtaia k cosHs— s), or

1
~ Kcosh(s— %)

y(s)

We may calculate(s) using this result foy(s) the metric tensor relation:
(B oy (&) =y =y
ds ds
We take the positive square root to have

o
ds ~  kcosH(s—sp)

Consequently,

1
X—Xg = Etanl‘(s—so)



We also obtain
1+sintf(s—s) 1
k2 cost(s—s0) K2

(x—x0)* +y* =

The geodesic trajectory is thus a circle of radRis- 1/k centered at the point
(X0,0), which lies on thex-axis. Actually, becausg(s) is always positive, we
should regard it as a semi-circle in the upper hafflane. In the limiting case
K — 0, the geodesics become half-lings; xg; y > 0.

To summarize, the geodesic trajectory is parametrized djotmulas

B R
v coshs— %)

B R sinh(s— )
X(8) = cosh(s— %)

Actually, we can solve for the trajectogyx) more directly by determining the
paths of minimum length

S fas- [TVET oy

Because the “effective Lagrangian”

L Vity?
y

does not involve the dependent variakjeghe “Jacobi integral” is a constant of
the motion:

oL 1
ay - R
y2 Vi+y 1
Wity? Y R
1
yWity? R
\/1+>/2-—B

-~




We integrate this equation to obtain

Yy ydy /*
—— = dx=x—

—VRE—y2 = x—X
(x—x0)*+y* = R

To determine the arc length of a path, we use the originalio@imula:

ds V1+y? R R

dx y ¥ R—(x—x)
ds — Rdx
R (x—x0)?

We make the substitution= xg + R sinB to obtain

ds = Rse®ddo
s—% = In(sed+tanb)
e % = sed+tand
se¢® = tarf6—2 tanf e’ % 4 5%
tan@ = sinh(s— %)

Note also that sifi = tanhs— 5), So that

X—Xy = Rtanhs—s)

R
y = RcosB=

cosh{s— %)

5. In afour-dimensional Minkowski space with coordingtes, y, z), a 3-hyperboloid
is defined byt? — x2 — y? — 72 = R%. Show that the metric on the 3-surface of the
hyperboloid can be written in the form

—d<? = R2 [dx2 + sint?X (d6? + sir?6 dg?) |



Show that the total volume of the 3-hyperboloid is infinite.
Solution
Let us define the coordinatég, 6, @) in terms of(t, x,y,z) by

= Rcoshx

= Rsinhy cosB
Rsinhy sin@ sing
= Rsinhy sin® cosp

X < N ~
|

With these coordinates, we automatically impose the camst? —x? —y? — 7% =
R?. The corresponding changes in these coordinates are

dt = Rsinhy dx

dz = Rcoshxcosd dx — Rsinhy sin6 d@

dy = RcoshxsinBcospdy + Rsinhxcostsingdd — Rsinhy sinBcospdg
dx = RcoshxsinBcospdy + Rsinhx costcospdB — Rsinhy sinBsingdg

The Minkowski space metric may thus be written

d$ = dt*—dZ-dy’—dZ = —ds; —dsg —ds;
= —RPdx®—Rsinttx d6? — R?sin? x sinf 6 d¢’

The total three-volume of the hyperboloidal regypr xo is

Xo LS an .
V = /dg( ds dsp:/o Rd)(/O Rsinhy de/o Rsinhy sin6 do
= 4nR3/OXOSinth dy = 2nR3/OXO(cosh2}( —1) = TR3(sinh (0 — 2X0)

The volume becomes infinite in the limjp — .

We could determine the geodesics for this surface by oloigiand solving the
geodesic equations fdi(s),0(s),¢(s)). Instead, we will analyze the geodesic
equations foft(s), x(s),y(s), z(s)), using Lagrange multipliers to impose the con-
straint



t(9)? —x(8)” ~y(s)* ~2(8)* =R’

The modified Lagrangian is

(@ C @@

The Euler-Lagrange equations are

+K2 [P =52 —y? 7

S—Z—Kzt =0
%—sz -0
%—sz =0
g—Z—Kzz =0

The solution that passes through the first point on the hypeid) (t1,x1,Y1,21)
ats=0,is

S) = tjcosthks+dsinhks
S) = Xxpcoslks+ asinhks
S) = yicostks+ bsinhks
S) Z1 COShks+ csinhks

We the curve satisfies the constraint
t(s)?—x(s)> —y(s)*— 2(s)* = R
under the following conditions:
i-xi-yi-74 = R

t1d—x;a—-y1b—2zc
a?-b’+c?-d?> = R

I
o



The parametex can be determined from the constraint

dt)_(dx\*_(dy\*_(d2\?_
ds ds ds ds)
At s= 0 we obtain the relation
k? (d>—a?—b?>—c?) = -1

or KR= 1. Under the conditions given above, this relation is satiséiverywhere
on the curve.
Next we determineS, the path length on the hyperboloid between the points

(t1,X1,¥1,21) and(tz, X2, Y2, 2):

to —ticoshp = dsinhp

Xo —X1coshp = asinhp
y2—Yyicoshp = bsinhp
Z—zycoshp = csinhp

wherep = KS= S/R. We square these terms and combine them to determine the
parametep:

(t2— t1coshp)? — (x2 — x1 coshp)? — (y2 — y1 coshp)? — (22 — z1 coshp)?
= (dsinhp)? — (asinhp)? — (bsinhp)? — (csinhp)? ;

R — Z(tl tb—X1Xo—V1Vo—271 22) coshp+ RZCOSﬁp = —stinth X
(ty ta — X1 X2 —y1 Y2 — 21 Z2) coshp = RZcosHp ;

coshp= (it —Xg Xo—Yy1¥o—271 22)/Rz .

One may show thag to — X3 Xo —y1y2 — 21 22 > R?, so that cosp > 1.

tit) — X1Xo — VYo — 2120 = \/r§+R2 r3+R2—T1-T2

> \/r§+R2 r3+R2—rqr;

Furthermore, we have



(ry—rp)? 0;

(r;+R%) (r5+R%) (rira+R%)?;

2
P+R2\/I3+R2 > rirp+r°.

The result is established. The coefficietdsh, c,d) can then be determined:

(to —t;coshp)/sinhp

(X2 — X3 coshp)/ sinhp
= (y2—yicostp)/sinhp

(z—zy coshp)/ sinhp

O T 9 o
I

They automatically satisfy the relatiat + b? + ¢ — d? = R%. In addition, we
may show by direct substitution that

tid—x1a-y1b-zc= [(tatz — X1 X2 — Y1Y2 — 2122) — R*coshp] = 0

sinhp

as required. The geodesic curve on the hyperboloid lies ¢tame passing through
the origin:

ax(s)+By(s)+yzs)+0t(s)=0

The parameterfa, 3,y, ) must satisfy the constraints

axi+Byi+yz+ot; = 0
axe+By2+yz+0ot; = 0

The solution for(a, B,y,d) is not unique. In fact, there is a two-parameter family
of such planes in four-dimensional Minkowski space.

This hyperboloid is a three dimensional surface in fourahsgional Minkowski
space. the (Euclidean) length on this surface is

—d<? = R? [dx2 + sint?X (d6? + sir?6 dg?) |

so that



ox = R
gge = RZsintfy
Joe = R sinify sirf6

The following Christoffel symbols are non-vanishing:

1 .
r)e(e _ églxx (—0y dee) = — sinhx cosh
1

ré¢ = ngx (—0y Qo) = — Sinhy cosly sir’®
8=l = 59 Grge0) = Sk

oo = %999 (—09 Ggg) = —SINB cOH
Cox=Txo = %gw (0x 9oo) = %
Foe=Top = %gw (06 Gpp) = ;?ng

The non-vanishing components ig}_, (along with their antisymmetric counter-
partsRe,. = —Rb_ ) are

e .
R)éxe = axl')ée—l')éerexz—smhzx
Rivo = Ox Moo~ ool oy = —SiNtFXsine
o 0 6 6
Reex = OxTxe—Txelxe=-1

Rooo = 98T oot oy o~ Toel §o=—SiNIFO sir@

P9 69—
0 6 ro
R;ptpx = —OxTxe—Txolox=-1
Rogo = —06 M0 0+T¢ I5o—Tg,M6,=—SINFX

The diagonal components of the Ricci tensor are

Roo —2sinttx
Rop = —2sinitx sin*@



The Ricci scalar is given by the simple formiga= —2.



