Physics 403: Relativity
Homework Assignment 5
Due 09 April 2007

1. From Poisson’s equatidi?g = 411G p, show that the gravitational potential
outisde a spherical object of mddsat a radial distancefrom its center is given
by @(r) = —GM/r. What is the form ofp(r) inside a uniform spherical body?
Solution

We must find an appropriate solution of the partial diffel@rgquation

2 | 4nGp r<R
D= [ 0 r>R
The potential function should be spherically symmetpie,), so that
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We begin by considering the region outside the sphericaafsj > R, so that
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Fﬁ(ftp) =0
re = A+Br
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Let us adopt the conventiagir = ) =0, so thaB =0 andp= A/r. The constant
A is related to the total madd inside the sphere of radil® To show this, we
integrate over the interior of a concentric sphere of radinR:

/dVDZcp = 4T[G/pdV
/ dvdiv (gradg) — 4mG M
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We have used the divergence theorem in obtaining the integeathe (exterior)

surface of the sphere of radiugn the last line. From the relatiop= A/r, on the
surface of the sphere we obtain
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ThusA = —G M, so that for > Rwe have
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Note that the total madd inside the sphere is given in terms of its dengityy
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Next we consider the potential inside the sphere;R:
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We must match botlp(r) and@/(r) = d@/dr at the surface = R. We obtain
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Thus,C =0 andD = —3GM/(2R). The potential inside the sphere is
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The potential at = 0, the center of the sphere,@0) = —3GM/(2R).

2. A spacetime has the metric
ds* = d(ct)? — a?(ct) (dXC 4 dy? +d2)

Show that the only non-zero Christoffel symbols are

0 0 0 :
Mi=T»=r3 = aa
a
Mo=r%=r% = =
a
Deduce that particles may be at rest in such a spacetimehatidt such particles
the coordinaté is their proper time. Show further that the nonzero comptsen

of the Ricci tensor are
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Hence show that the scalar curvature is

Solution
Let us write the line element in terms €, x*, x?, x3):

d = d(x%)2— a2(X0) [ (dx)2+ (dx@)2 + (dx3)?]

The (non-vanishing) diagonal components of the metricdease

goo=1/g° = 1

gu=1/g" = —a(x)
G2=1/0% = —-&(X)
gsz=1/0% = -a(X)

For the Christoffel symbols (along with symmetric partiaeve obtain
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Let us calculate the components of the Riemann tensor

Ro1o = —00 51— 61761
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Ri10=R620=R3z0 = 3
R(1)01 = 0o I_(1)14‘|_(1)1r%o_
. . a .
= 6o(aa)+(aa)a:aéi+2a2
R(1)01:|:3(2)02:|:3§)03 = ad+23

The non-vanishing components of the Ricci tensor are

Roo = Ré10+ R20+ Rozo = —32
Riu=R)y = ad+2a?
Roo = R(2)02 = ada+ 282
R33 = RgOS = ad+2d



The scalar curvature is

R = g”Roo+g" Ri1+ 9% R+ 0> Re3
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Particles move along “geodesic line” trajectories thais$athe geodesic eaua-
tion:

d2u®  _ duP du’

-+ __ -

d = B ds ds
Is the trajectory for a particle at resi® = (X = s,x@ = x3) a solution of the
geodesic equation? That is, are the following equationsfisat?

PO e dy
¢ "' gs gs
d>@ . b dx@
a2 "% gs ds

Putting the conditiorﬂ% = 0 into these equations, we obtain

d2x0

dg

d3@

dg
We obtain the solution

X' = x5+bs

X =
Thus, a particle may remain at rest at any location in thigimet

3. In Schwarzschild geometry, we introduce the new cootdsa

X = T sin@ cosp
y = r sind sing
Z = r cosH



Find the form of the line element in these coordinates.

Solution

The Euclidean line element may be written in either Cartesiaordinates or
spherical polar coordinates:

d? + dy? + dZ = dr? +r?(de? + sir? 6 d¢?)
Equivalently, we obtain
r2(d8?+sirf 0 d¢?) = dX% 4+ dy? + dZ — dr?
Furthermore, it follows from the relation fofx,y, z), r2 = x> +y? + 22, that
rdr = xdx+ydy+zdz

or

4 — (xdx+ydy+zd2?
r? = =

Thus, we may express the Schwarzschild line element as

o _dr?
1-2R/r

= (1_$>(cdt>2—dr2 L_;R/r —1} —d¥¢ —dy? —d7Z

= 1 Dot a2 —aé —dy? a7

d = (1— ZTR)(cdt) —r?(de? +sir’ 8 d¢?)

. 2R 2 (xdx+ydy+zd? 2R, 5,
= (1-"7)(cdy) = s d —dy? —dZ

We write out the term
(xdx+ ydy+ zd2? = x2d) + y2dy? + 2d Z + 2xz dxd z+ 2xy dxdy+ 2yz dydz

and obtain the following components of the metric tensopressed in terms of

(X,y,2) andr = /X2 +y2 + 22
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Joa=0a0 = O
2R X2
Oxx = — r_ZRr—2+1
[ 2R y?
Gy = ~ r—ZR?I_2+1
2R 7 ]
Gx = ~ |2t
2R Xy —
Sy=Ox = TR Y2
2R Xz
Oxz=0zx = TR 2
2R yz
Oyz=0zy = TR 2

Note that the Schwarzschild metric is considerably moreptmated in Cartesian
spatial coordinates than for polar coordinates.

4. Consider a spacetime with metric
de? = e 2 dt? — d¥¢ —dy? — dZ
where the parameteris constant.

¢ Find all the Christoffel symbols

e Find the geodesic equations fet), and show that for instantaneous zero
velocity, thex component varies with uniform acceleratiaras though the
particle were in a uniform gravitational field.

e Determine the components of the Riemann tefgy, R, R3 10, R%yy, and
show that the rest are zero.

e From the Einstein field equations find the diagonal elemehtiseoenergy
momentum tensor. Is this tensor physically acceptable?



Solution
The nonvanishing components of the metric tensor are

Ot = 1/gtt — g 2ax
gXX: gXX = -1
gy=9" = -1
gZZ: gZZ = -1

The following Christoffel (along with symmetric partneegle non-zero:

1 1 _ _
rﬁ — égxx[_ax gtt] — _é [Zae 2ax} —_ae 2ax

1 1
Nt = égtt[axgtt]zéezax[—zaefzax}:—a

In turn, these components of the Riemann tensor (along wiikyanmetric part-
ners) are non-vanishing:

— t rt _ 2
I:\)txtx - _rxt rtx— —a
R;(xt = 0y rﬁ_r%(t r;tZZaZ e—2ax_a2 e—2ax:a2 e—2ax

The following components of the Ricci tensor are non-zero:

RXX — RtXtX — _a2
Rtt — R;(xt — a2e72ax
Thus we may compute the scalar curvature:
R= g*Ru+g"'Re = 22°

The Einstein field equations have the form

1



Specifically, we obtain

1
KTy = Rtt_égttR
KTxx = Rx— 5 0xR

As a consequence,all components of the energy-momentisortatust be zero.
The geodesics must satisfy the equations

d2ud  __ dPdiF

—= T Thee e =

ds? ds ds

That is,
d_Zt — ZaE%
d " dsds
d2x Coay A2
ag ~ * (d—s)

The original metric relation is a consequence of these ggo@guations:

o 2ax(dN)F (dx)?
ds ds

Thus the second geodesic equation may be written

()

1

d?x
—~—a

de?

Lettingv = dx/ds, we obtain

dv
Vg, = a(1+Vv?)

log(1+V?) = 2a(x—Xo)
1+ = 3k



If the particle starts from rest at= X, its proper speed over short distances
satisfies the relation corresponding to uniform accelenati

V2 = 2a(x— Xo)

5. Determine the surface area of a sphere-tiimensional Euclidean space by
carrying out the following steps:

e The surface area of amdimensional sphere of radiugs S,(r) = apr"1,
wherea, is independent of the radius Why?

e Show that

J:/ dxe"""‘zz\/IT
—oo a

e Express)" as an integral over Cartesian coordinafesxy, - --,X,) in n-
dimensional Euclidean space.

e Express)” as an integral over the coordinatavherer? = x2 +x3 + - - - +x2.

e Evaluate that integral over and thus determine the factay in the surface
area of am-sphere.

Solution
Let us begin by writingl? as a two-dimensional integral:

J2:/ dxe‘a"z/ dy e @’

We transform this two-dimensional integral in polar cooades:

[e) 21 00
2= / re@dr| do= E/ d [—e—arz] _n
0 0 aJjo a

Taking the positive square root, we determine /T1/a. Next we expres3" as
an integral over n-dimensional space, which we transformpolar coordinates,
defining

_ 2y
r_\/xl+x2+m+x%



We obtain
J”:/ e () dr
0

where§,(r) is the area of an n-dimensional spherical hypersurfacedidisa.
The volume of an n-dimensional sphere of radRis given by this integral over
Cartesian coordinates:

Vi(R) = /X2 dxed>e - - dxn

2 2<R2
X5+ +X5<R

Let us express this volume as an integral over scaled caatatin = X /R:

Vn(R) - Rn / dtldtzdtn == Van
t2+t3+HA<R?

since the integration ovéris independent dR. We may write this volume integral
as

R
Va(R) :/0 drsa(r)
so that

Si(r) =sar" = nyr"?t

Consequently,

T n/2 ®
Jn— [5] —s, /O e—ar2 -1y

We define the variable = ar? to transform that integral:

= 2;‘/2 /u”/z_le_”du

Using the definition of the Euler Gamma function,

I‘(z):/ u* e Udu
0

we obtain the result
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We may thus solve fas,:
/2
=2 )

The Euler Gamma function obeys the relatiofz+ 1) = zI (z), as we show by
integrating by parts:

r(z+1):/

0

uze_”du:/ ud[—e Y= ]—uze‘“]g’Jrz/ uleUdu=4(2)

0 0

From the formulad (1/2) = /mandl'(1) = 1, we may calculate the Gamma
function ands, at any value ofi. Here are the values up to= 12.

n S, humerical
1 2 2000
2 2m 6.283
3 4m 12566
4 2m 19739
5 %@ 26319
6 T 31.006
7 1em® 33073
i

8 3m 32470
9 f’T@stl“ 20.687
10 £m 25502

12
11 Z%TE 20.725
12 &m® 16023

The largest coefficient occursiat= 7.

6. In a Schwarzschild metric, what is the volume containetthéspherical shell
between Schwarzschild coordinatgsandr,, wherer, > r1 > R, whereRis the
Schwarzschild radius?

Solution

The Schwarzschild metric is



ds = d§-ds-dg—ds;

2R ,  dr?

= (1-"7)(cdt)®~ TR r?(de? +sir? 0 d¢?)

The volume of the region between radius 2Randr =r’ is

r’ dr T 21
V() = /d /d /d :/7/rd6/ r sind d
() ¥ N h 2R +/1—-2R/r Jo 0 ¢
o r2dr
_ 41'[/ _rar
2R /1 —2R/r

Let us define the variable= 2R/r, so thaidr = —2Rdu/u? and

ldu 1
V() =sonRd [ D1
v Ut y/1—u

where the upper limit is/ = 2R/r’. We define the angular variabfe by the
relationu = cos’ p, so thatdu= —2cosp sinp dp and

p/
V:64T[R3/ sedpdp
0

where codp’ = U = 2R/r’,
The integral may be evaluated in closed fofm

16| 16

In the limit r’ >> 2R, this volume approaches the “flat space” limit(r’) =
41r"3/3. The volume between radij andry isV (rz) —V(rq).

p/
/ sed pdp =tanp’ seq’ E seép + %se@ o + E} += 0 [tanp’ + seq']
0

Consequently, the volumé(r’) is

1,
V(r') =4n [\/r’(r’—ZR) (ér 2+gr’R+gR2) +1—56 In

1Gradshteyn and Ryzhik, Table of Integrals, Series, anduiRitsd1965), 2.526.15, p. 137



