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Several studies have proved that the geometry of an oscillating acoustic resonator strongly
influences its resonance frequencies and the nonlinear standing pressure waveform generated within
the cavity. The research presented herein uses a quasi-one-dimensional numerical model to solve the
acoustic field and is validated by comparing with experimental results. A quasi-Newton type
numerical scheme is used to optimize the axisymmetric cavity contour by maximizing the pressure
compression ratio, defined as the ratio of maximum to minimum gas pressure at one end of the
oscillating resonator. Cone, horn-cone, and cosine resonator contours are each optimized for a fixed
amplitude of the periodic external force oscillating the cavity. Different optimized shapes are found
when starting with different initial guesses, indicating multiple local extrema. The maximum
pressure compression ratio value of 48 is found in an optimized horn-cone shape. This represents a
241% increase in the compression ratio over any previously published results. ©2004 Acoustical
Society of America.@DOI: 10.1121/1.1810139#

PACS numbers: 43.25.Gf, 43.25.Cb@MFH# Pages: 2814–2821
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I. INTRODUCTION

The waveform of the standing wave in an oscillati
closed cavity is strongly influenced by the geometry of
resonator cavity. It is well known that shocks form in a c
lindrical tube when the interior gas is oscillating at its res
nance frequency. Lawrensonet al.1 at MacroSonix Corp first
exploited the shape dependence and obtained high-ampl
and shock-free acoustic pressures in axisymmetric tube
varying cross sections, referred to as resonant macros
synthesis~RMS!. Peak acoustic pressures that measure th
to four times ambient pressure and maximum to minim
pressure ratios of 27 were observed in shaped cavities.
size of the demonstrated overpressure reached the leve
is required by commercial applications such as acou
pumps or compressors. The researchers considered
types of axisymmetric shapes: cylinder, cone, hone-cone,
bulb. They concluded that the hone-cone resonator sh
generated the highest overpressure for a given input po
They also demonstrated that the overall characteristics o
waveform does not change when a resonator is filled w
different gases.

A companion paper by Ilinskiiet al.2 developed a one
dimensional frequency-domain model for studying the RM
numerically. The results confirmed the nonlinear stand

a!Electronic mail: lix@iit.edu
b!Current address: NASA Glenn Research Center, Cleveland, Ohio 441
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waveform and the related characteristics such as sh
induced resonance hardening and softening observed in
experiments by Lawrensonet al.1 To account for the energy
losses in the boundary layer along cavity wall, Ilinskiiet al.3

later modified the one-dimensional model by introducing
additional term in the continuity equation and used a tur
lence model. Hamiltonet al.4 analytically investigated the
relationship between the natural frequency of a nonlin
acoustic resonator and its shape as well as the nonlinea
teractions of modes in the resonator. Chun and Kim5 numeri-
cally investigated cosine shaped resonators in addition to
lindrical and conical shapes using high-order finit
difference approximations. They concluded that the h
cosine-shape is more suitable to induce high compres
ratio than other shapes under certain assumptions. Rece
Erickson and Zinn6 used the Galerkin method to solve th
one-dimensional model and found a nonmonotonic incre
in compression ratio when the flare constant is raised fo
class of horn-shaped resonators. To serve commercial ne
such as in an acoustic gas compressor and an acoustic l
pump, the objective is to find an optimized shape for gen
ating the greatest overpressure. However, the optimiza
procedure and results have not yet been discussed.

In this article, the numerical schemes are introduced
the results are presented for optimizing the shape param
that yield the highest maximum-to-minimum pressure ra
in each of the following resonator shapes: cone, horn-co
and cosine-shape. In Sec. II, the modeling equations are.
116(5)/2814/8/$20.00 © 2004 Acoustical Society of America
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sented; in Sec. III, the numerical schemes are described
Sec. IV, the numerical model and experiment results
compared and the resulting optimized shapes are discus

II. GOVERNING EQUATIONS

In the following section we briefly describe the on
dimensional model for computing the acoustic wave field
an axisymmetric resonator. The equations are presented
completeness and the details of the derivation are give
the work by Ilinksiiet al.2 The possible effects of the bound
ary layer along the resonator wall and the acoustically g
erated turbulence on the acoustical field are neglected in
model.

Consider the acoustic field in an oscillating resonator
lengthl driven by an external force. The resonator is axisy
metric with the inner radius given byr 5r (x), 0,x, l ,
wherex is the coordinate along the axis of symmetry. T
density of the gasr, the velocityu, and the pressurep satisfy
the conservation of mass,

]r

]t
1

1

r 2

]

]x
~r 2ru!50, ~1!

and the conservation of momentum,

]u

]t
1u

]u

]x
52

1

r

]p

]x
2a~ t !

1
~z14h/3!

r

]

]x S 1

r 2

]

]x
~r 2u! D , ~2!

wherea(t) is the acceleration of the resonator enforced
the external force;z andh are coefficients of viscosity. Shea
viscosity is denoted ash, and z is the bulk viscosity that
results from nonequilibrium deviations between the act
local pressure and the thermodynamic pressure. The
penetration boundary conditions at the two ends require
the velocity vanish atx50 andl . The state equation is spec
fied by that of an ideal gas,

p5p0~r/r0!g, ~3!

where p0 and r0 are the ambient pressure and density,
spectively, andg is the ratio of specific heats of the gas.

The quasi-one-dimensional compressible Navier–Sto
equations ~1!–~3! are solved using a frequency-doma
method, where the unknown variables are expressed in te
of finite Fourier series in time. The Fourier coefficients a
determined using a shooting method. Both the experime
and numerical results show that the time harmonics of
dependent variables, such as the pressurep, decay rapidly as
the frequency increases. This ensures that the number of
harmonics,N, needed for accurate results is small. In t
present numerical simulations, the value ofN is twenty and it
can be shown that increasingN does not change the result

Following Ilinksii et al.2 by expressing the variables i
Fourier series, Eqs.~1! and~2! can be reduced to a system
J. Acoust. Soc. Am., Vol. 116, No. 5, November 2004
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Ordinary Differential Equations~ODEs! for the Fourier co-
efficients of the velocity potentialw, defined asu5“w:

dŵk

dx
5

v̂k

r 2 ,

(
l

Dkl

dv̂ l

dx
5 f k ,

for k51,2,...,N, ~4!

wherev5r 2 (]w/]x) , and ŵk , n̂k , and âk are the Fourier
coefficients defined as w5(k52N

N ŵke
ikvt, v

5(k52N
N v̂ke

ikvt, a5(k52N
N âke

ikvt. v is the frequency of
the periodic force exerted on the resonator by the shaker.
detailed expressions forDkl5Dkl( v̂k ,ŵk ,x) and f k

5 f k( v̂k ,ŵk ,x) are given by

Dkl5~c0
21 ikvd!dkl1Dk2 l8 ,

f k52k2v2r 2ŵk1 ikvr 2xâk1
ikv@v2#k

r 2

1 (
l 52N1k

N

âk2 l v̂ l2

dr2

dx

r 6 (
l 52N1k

N

@v2#k2 l v̂ l ,

where d5 (z14h/3)/r0 is the viscosity,c05Agp0 /r0 is
the reference speed of sound,Dm8 is given by Dm8 52(g
21)xâm2 imv(g21)ŵm2 @(g11)/2r 4# @v2#m , and @v2#k

5( l 52N1k
N v̂k2 l v̂ l . The no-slip boundary conditions at th

two ends are translated to the equivalent conditions in F
rier space:v̂k50 at x50, l .

After the Fourier coefficients$ŵk% and$v̂k% are obtained
by solving the boundary-value problem, Eq.~4!, the velocity
potentialw and the modified velocityv are computed from
the inverse FFT. The densityr is given by the momentum
equation,

r

r0
5S 12

g21

c0
2 F]w

]t
1

1

2r 4 v21ax2
d

r 2

]v
]xG D 1/~g21!

,

~5!

and the pressurep can be obtained from the state equati
~3!.

III. NUMERICAL METHODS

The procedures for finding the optimal shape parame
are described as follows. Given an initial resonator shape
a fixed value of maximum external force, the resonance
quency of the resonator is determined and the compres
ratio, defined as the maximum-to-minimum pressure ratio
the narrow end of the cavity, is computed. Then, the optim
zation step is performed yielding the next resonator sh
candidate. The first and the second steps are repeated
incremental changes in the resonator contour no longer
duce higher compression ratios and the local optimal des
is determined.

To simplify the discussion, the following dimensionle
variables are introduced:

X5
x

l
, T5vt, R5

r

l
, R05

r 0

l
, A5

a

lv0
2 , ~6!
2815Li et al.: Optimized resonator shapes
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wherev is the frequency of the periodic force acted on t
resonator,v05pc0 / l is the fundamental frequency of a cy
lindrical resonator of lengthl .

In this work, the acceleration of the resonator induc
by external force is assumed to be harmonic,A(T)
5Ã cos(T). The physical parameters that determine
acoustic wave field in the resonator are as follows: the ac
eration amplitudeÃ, the ratio of specific heatsg, the attenu-
ation coefficientG5 p(z14h/3)v0 /c0

2r0 , and the resona
tor oscillating frequencyV5 v/v0 .

A. Shape optimization

Suppose the resonator shapeR(X) is determined by a
number of shape parameters,S0 ,S1 ,...,Sn . For example, a
cone is given byR(X)5S01S1X. To determine the shap
producing the highest value of the pressure compression
tio Rc , i.e.,

Rc~S0 ,S1 ,...,Sn!5
pmax

pmin
, at X50, ~7!

gradients of the pressure compression ratio value are c
pared with the gradients of the shape parameters to indi
the next contour iteration.pmax and pmin denote the maxi-
mum and minimum pressure at the narrow end of the re
nator during one period of oscillation, respectively. The co
pression ratioRc is a function of the shape parameters, t
dimensionless frequencyV and the history ofV ~due to the
existence of hysteresis effects!. The method for obtainingRc

for a fixed resonator shape is explained later in the secti
The optimization method begins by specifying the pra

tical conditions and constraints. The original experiments
Lawrensonet al.1 and some commercial applications use
frigerant R-134a as the gas contained within the resona
Therefore, the specific heat ratiog51.2 is used to match the
gas properties of the refrigerant. The viscosity-related par
eterG is fixed at 0.010, which was found appropriate in t
separate studies.2,7,8 The dimensionless radius of the reson
tor at the narrow end,R(X50), is restricted to be greate
than 0.020833. This is the minimum value that would allo
for a mechanical connection to the resonator required for
world applications.

Since the electrodynamic shaker system used in
study1,7,8 is force-limited, the resonator shape is optimized
holding constantthe maximum inertial force required to es
tablish the periodic oscillation. This stipulation is justified
by the experimental results that the force acting on the re
nator surface by the acoustic field is negligible even
resonance.7 This imposed constraint limits the accelerati
of the resonator,Ã, and reducesÃ when additional weight is
added with changing resonator geometry. Previous stu
held the acceleration amplitude constant, resulting in an
timal conical resonator shape that has a very small nar
end and very large wide end.9 This geometry is not practica
since it results in heavy weight experimental hardware. Up
application, the heavy weight resonator could not prod
high compression ratios due to the low acceleration ge
ated by the shaker system. A greater compression ratio w
be obtained from lighter weight hardware oscillated at hig
2816 J. Acoust. Soc. Am., Vol. 116, No. 5, November 2004
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acceleration amplitude. In this study, therefore, the maxim
external force delivered to the resonator oscillation is fix
during the optimization, effectively favoring lighter weigh
resonators and more closely modeling the real system.

Using Newton’s Second Law, for a fixed amount
maximum dimensionless external forceFmax, the dimension-
less acceleration amplitudeÃ is easily deduced from

Ã5Fmax/~M1Ma!, ~8a!

whereM is the dimensionless mass of the resonator given

M5E
0

1

p@„R~X!1Dw…
22R2~X!#dX

1p@R2~0!1R2~1!#Dw , ~8b!

andMa is the mass due to the fixture and armature attac
to the shaker as shown in Fig. 1. From the data in our
periments,Ma is set to the dimensionless value of 0.8929
equivalent to twice the weight of the conical resonator in o
experiment.Dw is the thickness of the resonator wall nond
mensionalized by the length of the resonator and is chose
be 0.020941 matching the dimension of the conical reson
in the experiments. The second term of Eq.~8b! accounts for
the mass of the two end caps of the resonator.

A quasi-Newton method, BFGS
~Broyden-Fletcher-Goldfarb-Shanno!,10 then is used for
maximizing the multi-variable nonlinear functio
Rc(S0 ,S1 ,...,Sn). BFGS is an iterative method, approxima
ing the objective function by a quadratic function at ea
iteration. At each major iteration step,k, a line search is
performed in the direction

d(k)5Hk
21

•“Rc~S(k)!,

where S(k)5(S0
(k) ,S1

(k) , ...,Sn
(k)) is the vector of the shape

parameters at thek-th iteration of BFGS.Hk is the BFGS
approximation to the Hessian matrix ofRc with respect toS,
defined by

Hk5Hk211
qk21qk21

T

qk21
T qk21

2
Hk21

T tk21
T tk21Hk21

tk21
T Hk21tk21

,

where tk215S(k)2S(k21), qk215“Rc(S
(k))2“Rc(S

(k21))
andH05I .

The evaluation of the objective functionRc involves
solving many iterations of a nonlinear system of ODEs giv
in Eq. ~4!, since the gradient information ofRc required for
the BFGS method is not available analytically. Using a n
merical differentiation method via finite differences, the gr

FIG. 1. Experimental apparatus.
Li et al.: Optimized resonator shapes



ig
he
-

e

lu
-
n

re

oo
o

n-
i

it

f
x

in

ht
s

t
a
ic

ts.
e
R
u

he
ler
T

th
io

is
e
o

is
l a
r
n

t is

in
T-
om-

Pi-
the

es-
s as
sure
high
ring
with
ea-
value

um

c-
mall
on-
wide

so-
ed at

in
ng

the
tude

ncy
in

the
hing
on
ws,
s are

the

s.

m
axi-
e

in
by

e

dient information is determined by perturbing each des
variable,Si , in turn and calculating the rate of change in t
objective functionRc(S0 ,S1 ,...,Sn). For two shape param
eters, the optimization takes 4 to 48 hours of CPU time~de-
pending on the type of the resonator shape and initial gu
for the shape parameters! on a 1.3 GHz Athlon T-Bird PC
with the Lahey-Fujitsu FORTRAN compiler.

B. Boundary value problem

For a given shape of the resonator, the boundary va
problem, Eq.~4!, is solved numerically by a Multiple Shoot
ing Method. Since the amplitude of the pressure in a reso
tor strongly depends on the oscillating frequencyV, the
quantity to be optimized is the maximum pressure comp
sion ratioRc over the entire range ofV for a given resonator
shape. Because of the hysteresis effects, the solution isnot
unique near the resonance frequency and the Multiple Sh
ing Method will not converge unless a good initial guess
the solution is provided. To circumvent the difficulty, a co
tinuation method is implemented. The system of ODEs
solved starting from a frequencyV that is away from the
resonance frequency and the solution is used as an in
guess for solving the ODEs for increased or decreasedV.
The steps are repeated until all branches of the solution
all values ofV near the resonance is completed. The ma
mum ratioRc among different values ofV, and among the
increasing and decreasing frequency branches~if hysteresis
is present!, is chosen as the compression ratio correspond
to the resonator contour.

IV. RESULTS

A. Experimental validation of the numerical method

While the numerical model by itself provides insig
into the physics of the nonlinear acoustic standing wave
oscillating resonators, experimental verification is required
ensure the model’s accuracy. Experimental conditions
used as inputs to the numerical model, and the numer
predictions are then compared to the experimental resul

The acceleration input to the numerical model is gen
ated using measured signals from the experimental data.
call that the model assumes that the resonator is excited
ing a simple sinusoidal acceleration. In addition, t
resonator is assumed to be ideally rigid so that the acce
tion is constant across the length of the resonator body.
arguments made in Finkbeineret al.11 allow the measured
acceleration signals to be input to the model by isolating
fundamental acceleration harmonic as the driving funct
for the model.

The value forG, the effective viscosity parameter,
based in part upon the second coefficient of viscosity du
the high-pressure gradients and frequencies due to the ac
tics. Previous work2 assumed a value ofG50.010, although
no justification was given for this value. To estimate th
parameter, the pressure results from the numerical mode
computed for several values ofG, and are plotted togethe
with the experimental data.8,12 A single comparison betwee
J. Acoust. Soc. Am., Vol. 116, No. 5, November 2004
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experimental and numerical data is presented here, bu
characteristic of several comparisons.

A representative experimental configuration is shown
Fig. 1, with a resonator rigidly mounted on a Labworks E
127 shaker system. PCB Piezotronics 353B03 acceler
eters are mounted at both ends of the resonator. PCB
ezotronics dynamic pressure transducers are mounted in
side wall of the resonator at axial positions ofX50.05 and
X50.95. Thermocouples and Druck PDCR 130 static pr
sure transducers are mounted at the same axial position
the dynamic pressure transducers. The dynamic pres
transducers are acceleration compensated, designed for
frequency measurements, and are incapable of measu
static pressure. The static pressure value is measured
static transducers and is combined with the dynamic m
surements to complete the pressure measurement. The
of the maximum force limit,Fmax, adopted in this work cor-
responds to an electrodynamic shaker with 500 lbf maxim
capacity and about 6 lbm armature and fixture.

At the acoustic resonance of the working fluid, the a
celeration signals measured near the two ends have s
difference in amplitude as graphed in Fig. 2. The dimensi
less acceleration based on the signal measured at the
and the narrow ends of the resonator is given byÃ59.76
31025 and Ã51.0331024, respectively. The difference in
the amplitude at the two ends is due to elasticity of the re
nator. The dynamic pressure frequency response measur
the narrow end of the horn-cone resonator is displayed
Fig. 3 along with the curves which are computed for varyi
values of G with a dimensionless acceleration level,Ã
51.0331024, matching the acceleration measured at
resonator narrow end. The computational pressure ampli
is measured at the axial location ofX50.05. The result
shows that the model over-predicts the resonance freque
of the horn-cone resonator by roughly 2.6%. However,
terms of amplitude and wave form, the model predicts
pressures generated in the resonator very well. The matc
value of G is between 0.011 and 0.012 with accelerati
referenced at the narrow end. A similar comparison sho
when the computed pressure frequency response curve
calculated based on the dimensionless acceleration at
wide end,Ã59.7631025, the matching value ofG is found
to lie in ~0.010, 0.011!. These values ofG are, for all intents
and purposes, close to those assumed in previous studie2

B. Optimal resonator shapes

In the following subsections, the results are shown fro
optimizing each type of resonator shapes to achieve m
mum compression ratioRc at one end of the resonators. Th
ratio of specific heats is held atg51.2 and the attenuation
coefficientG50.01 which is identical to the value used
Ilinskii et al.2 and closely matching the value determined
the experiments discussed previously. The accelerationÃ for
a given shape is calculated from Eq.~8!, where the value of
the maximum inertial forceFmax is deduced from that for a
reference conical resonator accelerated at the amplitudÃ
5531024.
2817Li et al.: Optimized resonator shapes
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1. Optimal conical shaped resonator

The conical resonator contour can be written as

R~X!5S01S1X, for 0<X<1. ~9!

The conical resonator studied in Lawrensonet al.1 and Ilink-
sii et al.2 with S050.032941 andS150.26800 is chosen to
be the reference resonator, shown in Fig. 4~a!. For the refer-
ence resonator, the compression ratio reaches its maxim
value ofRc55.0475 when the oscillation frequency is rais
to V51.3134.

Using the optimization procedure described in Sec.
and starting with the reference conical shape, the opti
conical resonator is found to have the shape parameterS0

50.020833 andS150.17211. The compression ratioRc of
the conical resonator reaches a value of 5.8932, whic
2818 J. Acoust. Soc. Am., Vol. 116, No. 5, November 2004
m

I
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about 17% higher than that of the reference resonator. Re
that, due to hysteresis, the entire branch must be trace
incrementing the frequencyV. The compression ratio
reaches the value when the frequency is increased to 1.3
The corresponding acceleration that achieves such a c

pression ratio has the amplitudeÃ55.747031024. Accord-
ing to our assumption~8!, accelerating the optimal resonato
at this level requires the same amount of maximum iner

force that oscillates the reference conical resonator atÃ55
31024. As stated before, to find realistic dimensions of t
resonator, the optimization scheme limits the lower bou
for the dimensionless radius of the resonator at the nar
end to beR(X50)50.020833. From the dimensions of th
optimal conical resonator, the smaller narrow end,S0 , gen-
erates a larger compression ratio. Due to the fixed exte
ea-
and
ical

nd.
FIG. 3. The dynamic pressure frequency response m
sured at the narrow end of the horn-cone resonator
the pressure responses predicted by the numer
model computed for varying values ofG with a dimen-

sionless acceleration level,Ã51.0331024, matching
the acceleration measured at the resonator narrow e
Li et al.: Optimized resonator shapes
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FIG. 4. Conical shapes:~a! the reference conical reso
nator;~b! the optimized conical resonator. For the sam
maximum external force, the compression ratios cor
sponding to the shapes in~a! and~b! reach the values of
5.0475 and 5.8932, respectively. For shape paramet
see the text.
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force constraint, the slope of the optimal coneS1 is finite.
The reference resonator and the optimal conical resonato
shown in Fig. 4. The second cone@Fig. 4~b!# has a smaller
narrow end and smaller slope than the reference@Fig. 4~a!#.

2. Optimal horn-cone shaped resonator

The horn-cone resonator shape is described by

R~X!5H S0 cosh~S1X!, for 0<X<S2 ,

a1bX, for S2<X<1,
~10!

where a5S0 cosh(S1S2) and b5S0S1 sinh(S1S2). The three
shape parametersS0 , S1 andS2 are optimized. The first op
timization attempt starts with the dimensions of the ho
cone given in Lawrensonet al.,1 S050.028333,S155.7264
and S250.25 @shown in Fig. 5~a!#. Using these original
shape parameters, the compression ratioRc514.059 is
achieved when the horn-cone resonator is acceleratedÃ
55.151631024 and the frequency is increased toV
51.4678. In searching for the optimal horn-cone design,
lower bound of the radius of the narrow endS0 is limited to
be 0.020833 for practical reasons. The separation point
tween the horn section and the cone section,S2 , could be
any value between 0 and 1. The result of optimization fin
that the compression ratio reaches a maximum value
19.115, which is 36% higher than that of the horn-cone
Lawrenson et al.,1 when the shape hasS050.20833, S1

55.7044 andS250.25246. This optimal horn-cone achiev
the value of the compression ratio when its acceleration
the amplitudeÃ55.673031024 and it is oscillating at its
resonance frequencyV51.4716. The value of the acceler
tion satisfies the requirement of fixed inertial forceFmax for-
mulated in Eq.~8!. For horn-cone shapes, the principle th
higher compression ratio is obtained with smaller narrow e
is valid, as in the case of conical shapes.

The optimization scheme BFGS is designed for findin
local extreme of a multivariable function. Our numeric
simulations indicate that the compression ratio, as a func
of the shape parameters, usually has many local extre
Our second optimization attempt started with a different i
tial geometry of the horn-cone and a substantially lar
J. Acoust. Soc. Am., Vol. 116, No. 5, November 2004
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value of the compression ratioRc547.975 is obtained when
the shape parameters areS050.020833,S156.1698 andS2

50.27704@shown in Fig. 5~b!#. For this compression ratio
the resonator is oscillated at the acceleration amplitudeÃ
55.181431024 and the frequencyV51.5603. Comparing
with the compression ratio for the horn-cone in Lawrens
et al.,1 the second optimal horn-cone improves the compr
sion ratio bymore than 241%at the same value ofFmax.
Comparing the dimensions of the two horn-cones, the v
umes of the shapes are similar but the optimal horn-cone
a relatively shorter cone section than that of the horn-c
used in Lawrensonet al.1 In Fig. 5~c!, the pressure waveform
at the narrow end is presented for both the Lawrenson
the optimized horn-cone resonators. The two pressure wa

FIG. 5. ~a! The horn-cone shape in Lawrensonet al. ~Ref. 1!. ~b! Optimized
horn-cone shape. For shape parameters, see the text.~c! The pressure wave-
form at the narrow end for the horn-cone in Lawrensonet al. ~Ref. 1! ~the
dashed line! and that for the second optimized horn-cone~the solid line! are
shown.
2819Li et al.: Optimized resonator shapes
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corresponding to the two horn-cone resonators also have
ferent phases. Under the prescribed conditions, the pea
the pressure is about 5.0 times the ambient pressure in
optimal horn-cone while the peak is about 3.3 times for
horn-cone in Lawrensonet al.1

3. Optimal cosine shaped resonator

The cosine shape is defined as

R~X!5S01S1„12cos~S2X!…, for 0<X<1. ~11!

Assuming that the input power is entirely determined by
interior gas pressure, Chun and Kim5 compared three indi-
vidual resonators of the same volume: one conical shape,
1
2-cosine shape (S25p) and one 3

4-cosine shape (S2

53p/2). They found that the1
2-cosine resonator produce

the highest compression ratio among the three resona

FIG. 6. ~a! The
1
2-cosine shape as in Chun and Kim~Ref. 5!. ~b! The

optimized cosine shape.~c! The pressure waveform at the narrow end for t
1
2-cosine resonator in Chun and Kim~Ref. 5! ~the dashed line! and that for
the optimized cosine shape~the solid line! are shown.
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Imposing our optimization constraint of external force-lim
for the 1

2-cosine dimensions reported in Chun and Kim,5 S0

50.025, S150.095, S25p, the compression ratio reache
the value 11.216 whenÃ55.577531024 and V51.4834.
Starting with this shape, the resulting optimal cosine sh
parameters are given byS050.020833,S150.10462 and
S253.2490, and the corresponding compression ratio
creases toRc511.865 at the accelerationÃ55.468031024

and the frequencyV51.5552, which is about 6% better tha
that of Chun and Kim5 at the same level of force-limit. Using
different initial guesses of the shape parameters for co
resonators, the optimization scheme produced results
yielded a higher compression ratio ofRc511.954, 7% higher
than that of Chun and Kim.5 The higher performance is
achieved atÃ55.920931024 andV51.4837 when the co-
sine resonator described by Eq.~11! has the following shape
parameters:S050.020833,S150.070327 andS253.3553.
The shape is displayed in Fig. 6~b!. As shown in Fig. 6~c!,
the pressure waveform of the optimal cosine design
smoother compared to that of Chun and Kim5 with a greater
pressure peak and a different phase.

Under the specified conditions~the same force-limit
Fmax, the ratio of specific heatsg and the viscosity-related
parameterG), the horn-cone shape is found to be better th
the cosine shape in generating higher compression rati
the narrow end, different than the findings of Chun and Ki5

under a different set of criteria. The resonance frequency
the optimal horn-cone shapeV51.5603 is higher than tha
of the optimal cosine shapeV51.4837, and the acceleratio
amplitudes for achieving the corresponding compression
tios are comparable:Ã55.181431024 for the horncone
resonator andÃ55.920931024 for the cosine resonator.

V. CONCLUSIONS

A local optimization scheme is presented for determ
ing the axisymmetric resonator contours that maximize
pressure compression ratio at one end of an oscilla
acoustic resonator. The optimal dimensions under a limit
constraint of external periodic force are reported for co
horn-cone, and cosine shaped resonators. The results
summarized in Table I, including the shape parameters,
responding acceleration amplitude, resonance frequency,
compression ratio.
ith the
requency
TABLE I. A summary of the shape parameters and compression ratios of previous studies compared w
optimum geometries. For reference, the corresponding acceleration levels and fundamental resonance f
are listed.

S0 S1 S2 Ã(31024) V Rc

Cone:
Ilinskii et al. ~Ref. 2! 0.032941 0.26800 N/A 5.0000 1.3134 5.0475
Optimal 0.020833 0.17211 N/A 5.7470 1.3200 5.8932
Horn-cone:
Lawrensonet al. ~Ref. 1! 0.028333 5.7264 0.25 5.1516 1.4678 14.059
Optimal 0.020833 6.1698 0.27704 5.1814 1.5603 47.975
Cosine-shape:
Chun and Kim~Ref. 5! 0.025 0.095 3.1416 5.5775 1.4834 11.216
Optimal 0.020833 0.070327 3.3553 5.9209 1.4837 11.954
Li et al.: Optimized resonator shapes



nd
o

th
th
iff
d
te
ca
c
T

th
iti

a
pe
rc
sib

n
on
e
a
k
or

rb
es

e

an
ing

-
J.

n

-
ec-

nt
m.

ic
m.

ed
.
a-

pre-
a

ar
the

nd

of
ion
03,

ar
rs,’’
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For each type of resonator, a smaller narrow end
found to give a larger pressure peak-to-peak ratio. This fi
ing suggests that the number of shape parameters in an
timization can be reduced by holding the diameter of
narrow end fixed at a value as small as practical. For
types of horncone and cosine shapes, there are many d
ent designs that achieve local extrema. However, using
ferent initial guesses a more global optimum can be de
mined and a 241% improvement of in compression ratio
be achieved. For the shapes considered herein, the horn
shape is found to generate the highest compression ratio.
acoustic field in a resonator is a continuous function of
resonator shape, the ratio of specific heats and the viscos
Consequently, the dimensions of optimal resonator shape
ported herein will undergo change as the specific he
and/or the viscosities change. The optimized shapes de
on the capacity and the fixture/armature mass of the fo
limited shaker, the mass of the resonator, and other pos
constraints that a particular application demands.

The quasi-one-dimensional model in this paper does
include the possible effects due to the boundary layer al
the resonator wall and acoustically generated turbulenc
high amplitudes. Nevertheless, a direct comparison is m
between the results from our model and those from Ilins
et al.3 which include both of these effects. We find that, f
the horncone studied in Ilinskiiet al.,3 the combined influ-
ence of the boundary layer attenuation and possible tu
lence on the acoustical field, in particular, on the compr
sion ratio of the pressure wave, is small~less than 5%! at
Ã5531024, approximately the highest acceleration lev
considered in this paper.
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