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In this paper, we present linear theory and nonlinear simulations to study the self-similar growth and
shrinkage of a precipitate in a 2D elastic media. This work is motivated by a series of studies by Li et al.,
where the existence and morphological stability of self-similarly evolving crystals were demonstrated
in a diffusional ﬁeld. Here, we extend the theory and simulations to account for solid-state phase
transformations where elasticity plays an important role in regularizing the evolution of the
precipitate. For given applied strain or stress boundary conditions, we show that depending on the
mass ﬂux entering/exiting the system, there exist critical scalings of ﬂux and elasticity at which
compact self-similar growth/shrinkage occurs in the linear regime. We then develop a spectrally
accurate boundary integral method combined with a rescaling scheme to investigate the effects of
nonlinearity and the morphological stability of these linear self-similar precipitates. Our numerical
results reveal that at long times there exists nonlinear stabilization that leads the precipitate to evolve
to compact universal limiting shapes selected by the applied stress and mass diffusion ﬂux.
These theoretical and numerical results suggest that the classical Mullins–Sekerka instability, which
drives precipitates to acquire dendritic or dense-branching morphologies, can be controlled. This could
potentially provide a new route to controlling material microstructures.
& 2012 Elsevier B.V. All rights reserved.
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1. Introduction
The production of many important structural materials such as
steel and alloys involves solid-state phase transformations
between a precipitate phase and a matrix phase. The precipitates
are formed by nucleation from the matrix when the temperature
of a stable solid mixture is suddenly lowered. The precipitates
then evolve by mass diffusion until a new state of equilibrium is
reached. The evolution process depends on a number of parameters such as the presence of an applied stress, mass ﬂux
entering or exiting the system, and misﬁt between the precipitates
and surrounding matrix. A well-known phenomena observed during
the solid/solid phase transformation is the emergence of various
nonsymmetric morphologies of precipitates and shape transitions.
The morphology and perfection of the precipitate phase, at
scales ranging from the atomic to the macroscopic, play fundamental roles in determining the properties of multiphase materials,
such as electrical, rheological and mechanical responses. Although
many studies of diffusional phase transitions have been published,
much of the research in this area focuses on the understanding and
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characterization of complex patterns such as dendrites. In many
applications (e.g. castings), it is desirable to suppress the formation
of dendrites and grow compact shapes. The growth of compact
shapes and the suppression of growth instabilities have been much
less studied than that of dendritic shapes, however. In this paper,
starting with a linear analysis, we present a self-similar theory
describing the compact growth of precipitates in an elastic media.
We then study the effect of nonlinearity and nonlinear morphological stability numerically.
The linear theory of morphological stability of growing single
crystals was ﬁrst developed by Mullins and Sekerka [20]. They
found that under conditions of constant supercooling applied at
the far-ﬁeld, there is a critical radius above which a spherical
crystal becomes unstable to long-wavelength shape perturbations. The Mullins–Sekerka shape instability is the fundamental
reason for the formation and development of highly complex,
dendritic/dense-branching shapes observed during solidiﬁcation
processes in nature (e.g. snowﬂakes) and in technical applications, including casting, welding and primary metals production,
e.g., [25]. Later, Cristini and Lowengrub reinvestigated the
Mullins–Sekerka instability using a far-ﬁeld heat diffusion ﬂux
boundary condition [3,4]. Their linear analysis and numerical
simulations suggest there exists possibility of growing prescribed
non-spherical compact shapes by controlling the heat ﬂux out
of the system. In particular, they demonstrated that the ﬂux
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boundary condition can be enforced by varying the far-ﬁeld
supercooling temperature.
Recently, Li et al. performed a more rigorous series of studies
of crystals in which the existence of nonlinear self-similar growing crystals was demonstrated [17] and their stability was fully
characterized [18,19]. The most exciting part of these works is
that at long times, there is nonlinear stabilization which leads to
the existence of stable universal limiting shapes. Very recently,
Hu et al. successfully extended the idea of self-similarity into the
context of epitaxial thin ﬁlm growth and identiﬁed critical
conditions such that an atomic island can be grown self-similarly [7]. All these theoretical and numerical results have important implications in processing applications where, for example, a
microscopic part could be grown or shrunk as a single crystal
rather than machined inefﬁciently from a large single crystal. In
fact, the idea of self-similarity and shape control have been
successfully implemented in the Hele–Shaw experiments, where
the prescribed symmetry of an evolving air bubble can be
maintained by a time-dependent pressure to mimic the ﬂux
boundary condition [15,16]. When solving the crystal, Hele–Shaw,
and epitaxial thin ﬁlm problems, we ﬁnd that the linear theory,
while not generally applicable in the highly nonlinear regime,
nevertheless provides a good estimation for the symmetry of the
evolving shapes and the associated ﬂux necessary to achieve
them. In this paper, we are interested in investigating the selfsimilar evolution of a precipitate in an elastic media, where
elasticity plays an important role in regularizing the growth of
the precipitate.
More than a decade ago, Jou et al. studied the evolution of
precipitates in an inhomogeneous elastic media using a sharp
interface approach [9]. They assumed that the diffusion is quasisteady and occurs only in the matrix phase. The elastic ﬁelds were
generated either by misﬁt strain due to lattice mismatch between
the precipitate and matrix or by applied stresses at the far-ﬁeld.
The matrix and precipitates were assumed to be isotropic but
may have different elastic constants. The precipitate–matrix
interface, the displacement and traction were assumed to be
continuous (coherent interface). The effect of elasticity was
introduced in the model by a generalized Gibbs–Thomson condition on the precipitate/matrix interface. Both the diffusion ﬁeld
and elastic ﬁeld were solved using a boundary integral method.
Using a nonstiff updating scheme for the interface, ﬁrst proposed
in [6], they were able to numerically simulate the evolution
process. Later, following the work by Rizzo and Shippy [22], Leo
et al. reformulated the problem and simulated the evolution of a
precipitate in an orthotropic elastic media [12]. Recently, Thornton et al. [1,23,24] used fast multipole method in conjunction
with the previous nonstiff time stepping algorithm to simulate
the evolution of particles in the order of thousands. Through
large-scale simulations, they computationally explored the Ostwald ripening process.
In this paper, we ﬁrst revisit the linear analysis and investigate
the relation between the diffusional and elastic ﬁelds. Using the
results of linear analysis under applied elastic boundary conditions [9], we demonstrate that there exist critical scalings of ﬂux
and elasticity at which compact self-similar evolution occurs. In
particular, the diffusion ﬂux and elastic ﬁeld need to be scaled by
R such that the size of the precipitate R(t) grows like R  t1=3 .
These results suggest that the classical Mullins–Sekerka instability, which leads the precipitate evolving into dendritic morphologies, can be controlled by balancing the elastic and diffusional
ﬁelds. We then develop a spectrally accurate boundary integral
method to simulate the long-time, nonlinear dynamics of evolving crystals. Our nonlinear simulations show that there exists
nonlinear stabilization even though unstable growth/shrinkage
may be signiﬁcant at early times. Interestingly, this stabilization
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leads the precipitate evolving to a universal limiting shape
selected by the applied stress and diffusion ﬂux.
The contribution of this paper is two-fold. First, we develop a
self-similar theory for a solid/solid phase transformation problem
involving two coupled physical ﬁelds: mass diffusion and elasticity. The generalized novel formulation presented in Section 2
goes well beyond the original work in [17–19], where only a
single diffusion ﬁeld is considered. Second, this is the ﬁrst time
we discover stable, nonlinear self-similar shrinking in addition to
self-similar growth. A potential application of self-similar shrinkage is in the ﬁeld of nanotechnology. For example, under certain
conditions a nanostructure with prescribed shape can be obtained
simply by shrinking a larger precipitate regardless of its initial
morphology. More generally, the approach we present here
potentially can provide a new route to controlling material
microstructures.
This paper is organized as follows. In Section 2, we present the
mathematical formulation of the problem. In Section 3, we
formulate the linear self-similar theory and describe the nonlinear numerical methods. In Section 4, we present numerical
results. Conclusions and work in progress are given in the last
section. Details of the linear stability analysis are presented in
Appendix A while Appendix B provides details on the spatiotemporal rescaling used in the numerical simulations.

2. Problem description
We consider a two-dimensional precipitate evolving quasistatically in an inhomogeneous elastic matrix phase. The interface G,
which is assumed to be mathematically sharp, separates the matrix
phase OM and the precipitate phase OP . We also consider a far-ﬁeld
ﬂux boundary condition through a circular far-ﬁeld boundary G1 at
R1 , far from the precipitate (see below). A schematic diagram of the
problem is given in Fig. 1. The mathematical formulation includes a
diffusion problem for the precipitate mass and an elasticity problem
for the stress generated by growth. We present the nondimensional
equations below, following the nondimensionalization presented
in [9] where the length scale is the initial precipitate radius and the
diffusional time scale is used.
2.1. The diffusion problem
We consider an exterior diffusion problem. Let U be the
dimensionless concentration of the diffusing species in the matrix
phase. Under a quasi-static assumption, U satisﬁes the Laplace’s

Fig. 1. Schematic diagram of two phase domain showing one precipitate.
The precipitate occupies region OP . It is surrounded by matrix of inﬁnite extent,
represented by OM . The interface separating the two phases is G.
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equation r U ¼ 0 in OM . At the interface G, U is given by a
generalized Gibbs–Thomson condition [8–10,13,14]
U ¼ k þZGel

on G,

ð1Þ

where k is the local curvature of the interface, Gel is a dimensionless elastic energy density, and the parameter Z characterizes the
ratio of elastic energy and surface energy of the inhomogeneous
system. At the far-ﬁeld G1 , we consider a total mass ﬂux,
R
JðtÞ ¼ limR1 -1 ð1=2pÞ G1 ðrU  nÞ ds, where s is the arclength.
The mass ﬂux J(t) will be taken to be positive for growth and
negative for shrinkage. The motion of the interface is determined
by mass balance across G, and the normal velocity is given by
V ¼ ðrU  nÞ.
2.2. The elasticity problem

P P
T
1 M M
ij ð ij  ij Þ2 ij ij þ

Gel ¼ s E

E

s E

R3

d ~
~
b ¼ f þ ðSJ D þ EÞb,
dt

M M
P
ij ð ij  ij Þ,

s E

E

where dij is the Kronecker delta, m is the poisson ratio, and n is the
shear modulus. In this paper, we focus our study on the applied
strain and neglect misﬁt strain, since these two effects can be
made equivalent under certain conditions [21].

3. Theory and numerics
3.1. Linear self-similar theory
P
Consider a precipitate/matrix interface rða,tÞ ¼ RðtÞ þ 1
k ¼ 1 bk ðtÞ
cos ka, where R(t) is the radius of an underlying circle with initial
value Rð0Þ ¼ 1 and the bk are the amplitudes of perturbations at time
t, assumed to satisfy 9bk ðtÞ=RðtÞ9 51 for all k. A straightforward
linear analysis yields an ODE system of R and b ¼ fb1 ,b2 ,   g
describing the dynamics of the interface [11,2,5], see Appendix A
~ ¼ bðtÞ=RðtÞ. Without elasticity,
for details. For brevity, we deﬁne bðtÞ
if the precipitate/matrix interface contains only a single mode k, the
evolution of a kth fold self-similar precipitate requires db~ k ðtÞ=dt ¼ 0
[17]. However, in the presence of elasticity, other modes will be
created through the interactions between the diffusion and elasticity
ﬁelds even if we start the evolution with a single mode. Hence, we
expect that the self-similar solution in this case involves a combination of Fourier modes. We rewrite the linear ODE system for the full

ð4Þ

In deriving Eq. (4), we assume all quantities with a bar
notation are constant in time, which requires that one has to

 scale the diffusion ﬂux by the size of the precipitate, i.e.

ð2Þ

where Eij and sij are the strain and stress tensors in the matrix
phase (superscript M) and precipitate phase (superscript P).
Superscript T denotes the transformation (misﬁt) strain of the
precipitate due to the mismatch of the crystal lattice between the
precipitate and the matrix phases. Note that we have used
standard Einstein summation convention here and throughout
the paper with indices i and j running from 1 to 2.
We consider a linear, isotropic, and inhomogeneous elasticity
w
problem. Without a body force, the stress tensor satisﬁes sij,j ¼ 0,
where the superscript w can be either M or P. Across the interface
G, the displacement and traction are continuous (interface is
P
M
coherent), i.e. uPi ¼ uM
i and sij nj ¼ sij nj . At the far-ﬁeld, we specify
M
0
an applied strain, limR1 -1 Eij ¼ Eij . Using the matrix lattice as a
reference and considering misﬁt strain, the constitutive laws for
the precipitates and the matrix are given respectively by
M M
sPij ¼ C Pijkl ðEPkl ETkl Þ and sM
ij ¼ C ijkl Ekl . The isotropic stiffness tensor


nw
w
d
d
þ
d
d
,
C ijkl ¼ 2mw
ij
kl
ik
jl
12nw

ð3Þ

where the diagonal matrix S represents the contribution from the
2
surface energy with element skk ¼ kðk 1Þ, the diagonal matrix D
represents the contribution from the driving mass ﬂux with
dkk ¼ ðk2Þ, and the sparse banded matrix E represents the contribution from the elastic energy with elements given in Appendix A.
The vector f describes the applied elastic forces at the far-ﬁeld.
The scaled ﬂux J is related to the applied ﬂux J via J ¼ JðtÞRðtÞ. We
refer the reader to Appendix A for the full derivation of Eq. (3).
To obtain a self-similar evolution, one has to ensure ðd=dtÞb~ ¼ 0,
i.e. the self-similar shape is given by the solution to a system of
linear algebraic equations
ðSJ D þ EÞb~ ¼ f:

As shown in Eq. (1), one has to compute the boundary term Gel
before solving the concentration ﬁeld U. This requires a full
solution to the two phase elasticity problem deﬁned on OM and
OP . Following [9,13], Gel is calculated by
1
2

model as (Appendix A)



JðtÞ ¼ J=RðtÞ [17]. This scaling results in a slow growth mechanism with the size of the precipitate evolves as R  t 1=3 ;
scale the coefﬁcient Z by the size of the precipitate, i.e.
Z ¼ Z =RðtÞ. In practice, this condition can be enforced by
applying a time-dependent stress or strain at the far-ﬁeld
boundary, e.g. scale the applied stress or strain by R(t) such the
applied stress decreases (increases) as the precipitate grows
(shrinks).

The solution to the linear system in Eq. (4) is determined by
the elastic constants m and n of the precipitate and matrix phases,
the applied stress at the far-ﬁeld boundary, and the mass diffusion
ﬂux. Though we include inﬁnitely many modes in the precipitate
~ the amplitudes of higher order modes become inﬁnitesishape b,
mally small. In particular, all odd modes vanish if the evolution is
dominated by the applied stress at the far-ﬁeld (e.g. shear or
uniaxial tension). In the result section, we solve Eq. (4) for selfsimilar solutions using Matlab, and demonstrate the convergence
as we increase the dimension of matrix E. We then test the stability
of these linear solutions and investigate their nonlinear behaviors
using a boundary integral method.
3.2. Numerical methods
Both the diffusion and the elasticity problems are solved
numerically using a boundary integral algorithm [9]. The position
of the interface is tracked by a total N marker points on the
interface, fxi ðtÞ A GðtÞg for i ¼ 1; 2, . . . ,N. We require that integral
equations for the elasticity and diffusion systems be satisﬁed at
these marker points. The discretization of the integral equations
yields linear systems with dense and nonsymmetric coefﬁcient
matrices, which are solved iteratively using the GMRES method
(e.g., [9]). The outline of the numerical algorithm is as follows:
1. for a given interface G at time t ¼ t n , use iterative linear solver
GMRES to solve the elasticity problem for the stress sij and the
strain Eij ;
2. compute elastic energy density Gel;
3. use GMRES to solve the diffusion problem for the concentration ﬁeld U;
4. compute the normal velocity V ¼ rU  n;
5. update the interface G and repeat.
As suggested by the linear analysis, the precipitate evolves as
dR=dt  R1 for a constant ﬂux, and dR=dt  R2 for a ﬂux to
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achieve self-similar evolution. That is the velocity of the precipitate decreases as the size of precipitate R grows. This intrinsic
slow growth mechanism makes simulations of the evolution to
large sized precipitates very expensive. To speed up the computation, we implement a spatiotemporal rescaling scheme in the
boundary integral equations following [16]. The idea of spatialtemporal rescaling is to map time–space in such a way that the
interfaces can evolve exponentially fast in the new time scale
while the area enclosed by the interface remains unchanged [16].
In the rescaled numerical scheme, an analytical formula is used to
determine the overall growth of R(t) due to the applied ﬂux.
The scheme overcomes the intrinsic slow growth mechanism
while maintaining the original physical processes. The new,
combined scheme signiﬁcantly reduces the computation CPU
time, and enables one to accurately simulate the long-time
dynamics of an evolving precipitate. We refer the reader to
Appendix B for a detailed description of the rescaling scheme.

4. Results
In this section, we ﬁrst demonstrate the existence of the linear
self-similar shapes by solving Eq. (4) under different applied strain
ﬁelds and far-ﬁeld ﬂuxes. As seen below, linear theory predicts
that self-similar shapes exist with large perturbations. Therefore,
we then quantify the effects of nonlinearity and morphological
stability using our highly efﬁcient boundary integral methods.
4.1. Existence of linear self-similar solutions
Linear self-similar shapes are determined by solutions to
Eq. (4). We consider three different far-ﬁeld boundary conditions:
shear strain, uniaxial strain, and dilatational strain. Unless stated
otherwise, the elastic constants mP ¼ 0:5, nP ¼ 0:2, mM ¼ 1:0, and
nM ¼ 0:2. The misﬁt strain is set to be zero.
Applied shear: To start, we consider an applied shear with
E011 ¼ 0:01 ¼ E022 . We set Z ¼ 10; 000 and J ¼ 10. With these
parameters, the force vector of Eq. (4) is calculated to be
f ¼ f0; 0,0,4Z G4 ,0, . . . ,0g, with Gk being the coefﬁcient of mode
k in the Fourier series of Gel (see Appendix A). Linear theory
predicts that the self-similar solution has a 4-fold symmetry
because the elastic energy Gel contains only mode 4 and its
harmonics (Appendix A and [9]).
Since the linear system in Eq. (4) is of inﬁnite extent, we solve
successively larger truncated ﬁnite systems using Matlab and
demonstrate the convergence of the results. In particular, we start
with a 10  10 system with matrix dimension N ¼10, and then
repeat the calculation with N ¼20, 30, and 40. We check the
convergence of the ﬁrst four leading modes, b4 ,b8 ,b12 , and b16,
and observe that the solution to the linear system converges
rapidly as N increases. For example, mode 4 has four digits of
accuracy when N ¼10 with b4 ¼ 4:1620309522561  102 . When
we take N ¼20, the digits of accuracy are correct up to machine
precision and b4 ¼ 4:1626793215781  102 . We found that for
this case a 30  30 system is large enough to ensure the accuracy
of the solution. Further increasing of the dimension of the linear
system only introduces the higher frequency modes with very
small amplitudes.
Next we compute a set of self-similar shapes by varying
parameters J and Z for the applied shear case E011 ¼ 0:01 ¼ E022 .
We use N ¼40 for all calculations; we veriﬁed that this system
size is sufﬁcient to achieve accurate solutions for these cases. The
results are summarized in Fig. 2, where we map 36 self-similar
shapes as insets on the graph. Each shape is computed using a
pair of parameters ðJ,Z Þ, where J ¼ f20,10; 0,10; 20,30g and
Z ¼ f0:5,1:0,1:5,2:0,2:5,3:0g  104 . As expected, all the self-similar
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shapes have a 4-fold symmetry. Generally speaking, for ﬁxed J,
the shape becomes more complex as Z increases (e.g., larger
perturbations from a circle) due to the corresponding increase in
magnitude of the coefﬁcients of E. When J 4 0 (growth), the offdiagonal terms in the matrix E increase in magnitude and
introduce higher modes into the solution. When J o 0 (shrinkage),however, the diagonal terms are dominant so that the shrinking shapes are less complex overall than the growing shapes.
Thus, in this regime, the precipitates do not shrink as a circle, but
rather they maintain their 4-fold symmetry.
Interestingly, when J ¼ 20 and Z is increased, the primary arms
that develop in the shape increase in extent up to the shape
labeled 29 (Z ¼ 2:5  104 ), where the primary arms are very
elongated. In fact, the modes have grown so large that the shape
self-intersects and thus is not smooth, suggesting that the nonlinear solution for these parameters, if it exists, could be far
from this shape. When Z ¼ 3:0  104 (shape 35), the symmetry
planes of the growing crystal rotate. Although the magnitude
of the perturbation is lower than that for shape 29, the interface
also self-intersects and nonlinearity interactions cannot be
neglected.
Applied uniaxial strain: We next consider an applied uniaxial
strain E011 ¼ 0:01 and E022 ¼ 0:0. The other parameters are the same
as the shear case above. Accordingly, the right hand side vector of
the linear system (4) takes the form f ¼ f0,2Z G2 ,0,4Z G4 ,    ,0g
where G2 and G4 are non-zero for the uniaxial strain case and so
the linear self-similar shapes contain all even modes with modes
2 and 4 being dominant. In Fig. 3, we show samples of self-similar
solutions. All shapes are elongated along the y-direction owing to
the applied uniaxial ﬁeld. Similar to the shear case, the shape
complexity increases with increasing Z . Further, shape 29 selfintersects.
Applied dilatational strain: For the case of dilatational strain
E011 ¼ E022 , the modes G2 and G4 are zero. Consequently, the forcing
vector f ¼ 0. Thus, the only possible self-similar shapes arise from
the diffusion system and contain a single Fourier mode which
determines the ﬂux, see Li et al. [17–19].

Fig. 2. Linear self-similar shapes for different values of far-ﬁeld ﬂux J and elastic
strength Z , under an applied shear E011 ¼ 0:01 ¼ E022 . The value of J ranges from
 20 to 30 in steps of 10, and Z ranges from 0.5  104 to 3.0  104 in steps of
0.5  104.
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d  0:049, which is close to the linear result. Further, the maximum of the elastic energy density and the surface energy also
become steady. Note that these results could only be captured

Fig. 3. Linear self-similar shapes for different values of far-ﬁeld ﬂux J and elastic
strength Z , under an applied uniaxial strain, E011 ¼ 0:01, E022 ¼ 0:0. The value of J
ranges from  20 to 30 in steps of 10 and Z ranges from 0.5  104 to 3.0  104 in
steps of 0.5  104.

4.2. Effect of nonlinearity and morphological stability
We next test the stability of the linear self-similar solutions
using nonlinear simulations. We perturb the self-similar solutions
by adding arbitrary Fourier modes to the shape and use the
perturbed shapes as initial conditions for the nonlinear computations. The parameters fJ,Z g and the applied strain boundary
conditions are the same as those used in linear solutions.
We characterize the precipitate shape using the shape factor
calculated numerically by

d ¼ max99x9=Reff 19,

ð5Þ

x

where x is the position vector from the centroid of the shape to
the interface and Reff is the effective radius of the initial shape:
pR2eff ¼ A0 , where A0 is the area of the initial shape.
In all simulations, we set the GMRES tolerance to be 10  10, we
use a 25th order ﬁlter to damp unphysical higher modes and to
suppress aliasing errors, and a ﬁlter to prevent the accumulation
of roundoff errors (e.g., [16]). Unless indicated otherwise, we use
N ¼1024 and Dt ¼ 1  104 . We note that the small time step is
chosen for the sake of accuracy, the scheme is stable for much
larger time steps.
Nonlinear self-similar growth and stability: We consider an
applied strain E011 ¼ 0:01 ¼ E022 , and we choose the 4-fold selfsimilar shape numbered 10 in Fig. 2 as an example (analogous
results are obtained using applied uniaxial strain). In particular,
taking the parameters Z ¼ 1:0  104 , J ¼ 10, linear theory predicts
that the shape factor of the linear self-similarly evolving shape is
d ¼ 0:054. We ﬁrst test the effect of nonlinearity by using the
linear self-similar solution as the initial condition for the nonlinear simulation. The results are shown in as the solid curves in
Fig. 4 where the shape factor, the maximum of Gel and the surface
energy (divided by 2p) are plotted in [a], [b], and [c] respectively.
We observe that after an initial transient, where the shape factor
decreases by a small amount, there is nonlinear stabilization
and the nonlinearly evolving precipitate stops changing its shape
(e.g., d becomes steady). In particular, the shape tends to a
nonlinear, self-similarly evolving shape with shape factor

Fig. 4. The effect of nonlinearity on self-similar growth under applied shear.
(a) shows the evolution of the shape parameter d . (b) shows the evolution of the
elastic energy density Gel. (c) shows the evolution of the surface energy (divided
by 2p) measured in the scaled frame. The parameters are J ¼ 10 and Z ¼ 1  104 .
Different initial interfaces are used ranging from the linear self-similar shape
(solid), a multimode perturbation of the linear self-similar shape (dashed), a circle
(closed circles), and a circle perturbed by modes 2 and 3 (open circles).
The corresponding shapes are plotted as insets.
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through very long time simulations using the spatial-temporal
rescaling scheme. The ﬁnal scaled time T ¼ 1:0 corresponds to
T¼3.56  1011 in the unscaled time frame and the ﬁnal radius is
R¼2.20  104.
Next, we perturb the linear self-similar shape by adding modes
3, 5, 6, 7, 8, and 9 with small magnitudes 0.01 and use
the perturbed shape as an initial condition for the nonlinear
simulation. The result is shown in Fig. 4 (dashed). We again
observe nonlinear stabilization and the result converges to
the same nonlinear self-similarly evolving shape as in the
unperturbed case.
As a further test, we consider two additional initial conditions:
a unit circle and a unit circle perturbed using modes 2 and 3, e.g.,
the initial radius is r ¼ 1:0 þ 0:1ðcos 2y þ cos 3yÞ. The results are
shown in Fig. 4 as the crosses and open circles respectively. Again,
the evolution converges to the same limiting nonlinearly evolving
self-similar shape. Because of the difference in the initial area and
arclength, the ﬁnal values of the surface energy are slightly
different (see Fig. 4[c]).
These results strongly suggest that the limiting nonlinear selfsimilar shape is attractive (e.g., stable) and is universal in the
sense that it is independent of the initial condition, and is
determined solely by the parameters fJ ¼ 10,Z ¼ 1:0  104 g and
the applied shear stress. Later, in Section 4.3, we present a
morphology diagram showing the nonlinear, universal shapes
for the full range of J and Z considered in the linear analysis
presented earlier.
Nonlinear self-similar shrinkage and morphological stability:
We next study the effect of nonlinearity on self-similar shrinkage
under an applied uniaxial strain E011 ¼ 0:01, E022 ¼ 0:01. We note
that analogous results are obtained for an applied shear boundary
condition (not shown). Following the approach we took above, we
consider precipitate evolution from several different initial conditions using the parameters J ¼ 10, Z ¼ 2:5  104 . The results
are shown in Fig. 5, where the initial data are (i) the linear selfsimilar shape numbered 26 (solid) in Fig. 3; (ii) a multimode
perturbation of the linear self-similar shape (dashed) with mode
mixture 2, 3, 5, 6, 7, 8, and 9; (iii) a unit circle (crosses); and (iv) a
unit circle perturbed by modes 2 and 3 (open circles), e.g.,
r ¼ 1 þ0:04ðcos 2y þ cos 3yÞ. The simulation is run up to the scaled
time T ¼ 0:95, which corresponds to a precipitate with effective
radius R ¼ 1:0  104 .
In Fig. 5[a], we plot the shape factor d against the precipitate
radius R(t); the precipitate morphologies are shown as insets.
As in the growth case considered previously, all precipitates
converge to the same 2-fold ellipse-like limiting shape with
d  0:315, which is very similar to the linear result since the
perturbation from a circle is small (e.g., the shape factor of the
linear self-similar shape is d  0:3236). This shows that there are
universal, nonlinear self-similarly evolving shapes associated
with precipitate shrinkage. Because of the scaling of ﬂux and
elastic strength, the surface and elastic energies balance one
another and thus the precipitates do not shrink to zero as circles,
which would be the case if the ﬂux and elastic strength were
independent of precipitate size. Note that because of differences
in initial surface energy and precipitate size, the surface energies,
and to a lesser extent the elastic energies, converge to slightly
different values (e.g., Fig. 5[a], [b]).
According to linear theory, negative J favors the decay of all
non-harmonic modes of 2 (Appendix A). The ﬁnal limiting, nonlinear self-similarly shrinking shape is actually selected by the
applied uniaxial boundary condition. The existence of stable, selfsimilarly shrinking, limiting shapes have important implications
in processing applications. For example, a microscopic part, could
be shrunk as a single crystal rather than machined inefﬁciently
from a large single crystal.

67

Fig. 5. The effect of nonlinearity on self-similar shrinkage under applied uniaxial
strain. (a) shows the evolution of d . (b) shows the evolution of the maximum
elastic energy density. (c) shows the evolution of the surface energy in the scaled
frame (divided by 2p). The parameters J ¼ 10 and Z ¼ 2:5  104 . Insets show the
precipitate morphologies.

Stability with respect to Z : We next study the morphological
stability of nonlinear self-similar shapes with respect to changing
the parameter Z . We ﬁrst run the simulation for a particular value
of Z until the evolution reaches a steady state. We then abruptly
change the value of the parameter Z and allow the simulation to
continue. Sample results are shown in Fig. 6. We ﬁnd that the
shape factor quickly stabilizes to a different value after a brief
transition. Notice that increasing Z (circles) actually results in a
decrease of the shape factor, while decreasing Z (dashed) actually
increases the magnitude. This suggests that once the process
has reached the self-similar evolution regime, perturbing Z
only steers the evolution path towards a different, but nearby,
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Fig. 6. The results of abruptly changing the value of Z for the case of shear ﬁeld
once the shape factor has become steady. The value of Z was changed from 25,000
to 30,000 in one case and from 25,000 to 20,000 in another case. Note as Z
increased shape factor actually decreased for this elastic ﬁeld.

self-similar shape. These results implies that one can ﬁne tune the
self-similar shape by varying, for example, the strength of the
applied ﬁeld.

Fig. 7. Nonlinear universal limiting shapes under an applied far-ﬁeld shear strain.
Each inset displays the ﬁnal limiting universal shape. The parameters correspond
to those given in Fig. 2, as does their numbering.

4.3. Universal limiting shapes and morphology diagram
In this section, we construct a morphology diagram showing
the nonlinear universal limiting shapes under the same parameters and applied far ﬁeld strain used in Fig. 2, which shows the
corresponding linear self-similar shapes. In particular, for each
parameter set ðJ,Z Þ, we evolve numerically a precipitate with an
initial shape containing a collection of Fourier modes with small
coefﬁcients and collect the limiting shapes in Fig. 7. The numbering scheme corresponds precisely to that used in Fig. 2 so that by
comparing shapes with the same number, we can quantify the
effect of nonlinearity and the stability of the linear selfsimilar shape.
When the linear self-similar shapes are small perturbations of
a circle, the linear and nonlinear results compare very well (e.g.,
small J and Z ). However, as J and Z increase, the shapes
increasingly deviate from circles and the linear and nonlinear
shapes differ. As Z increases, while keeping J ﬁxed, the nonlinear
shapes become more strongly 4-fold symmetric with primary
arms developing and elongating in the shear direction as J
increases. In some cases, the nonlinear universal shape is more
perturbed than its linear self-similar counterpart (e.g., shape 36
where J ¼ 30, Z ¼ 3:0  104 ) while in other cases the nonlinear
shape is less perturbed (e.g., shape 34 where J ¼ 10, Z ¼ 3:0  104 ).
A striking difference between the linear and nonlinear results
is observed for small Z and large J. For example, the universal
shape 6 has a signiﬁcant mode 3 component while its self-similar
counterpart is 4-fold symmetric. This occurs because the elastic
contribution is not sufﬁciently strong to drive the evolution to the
4-fold shape. Rather, the limiting shape is dominated by mass
diffusion, which for J ¼ 30 and Z ¼ 0 yields a 3-fold symmetric
universal shape [18,19]. Consistent with this, linear theory predicts that mode 3 grows for these parameters (J ¼ 30,
Z ¼ 0:5  104 ) even though the linear self-similar shape is 4-fold
symmetric. This suggests that the linear self-similar shape is not
stable. However, unlike the nonlinear universal shape with Z ¼ 0,
the 3 ﬁngers of the nonlinear shape 6 (with Z ¼ 0:5  104 ) are
different and a close examination of the nonlinear shape 6 shows

that in addition to harmonics of mode 3, the shape also contains
harmonics of mode 4.
Although we do not present them here, we ﬁnd similar results
when an applied far-ﬁeld uniaxial strain is applied. A more detailed
study and analysis will be presented in a forthcoming paper.

5. Conclusion
In this paper, we presented a self-similar theory for the
evolution of a single precipitate surrounded by an inﬁnite matrix
during a solid-solid phase transition with mass diffusion and
elasticity in 2D. Motivated by a series of studies by Li et al., where
the existence and morphological stability of self-similar crystals
were demonstrated in a diffusional ﬁeld, we developed a linear
theory describing the self-similar growth and shrinkage of a
precipitate in an elastic media. Using a classical linear stability
analysis, we showed that there exist critical scalings of ﬂux and
elasticity at which compact self-similar growth/shrinkage occurs
in the linear regime for applied far ﬁeld shear and dilatation
strain. Speciﬁcally, both the diffusion ﬂux and applied elastic
ﬁelds need to be scaled by the size of the precipitate R(t) (e.g.,
radius of the equivalent circle), so that the size evolves as
RðtÞ  t 1=3 . These results suggest that the classical Mullins–
Sekerka instability, which leads to the precipitate evolving into
dendritic morphologies, can be controlled. We then developed a
spectrally accurate boundary integral method to explore the longtime, nonlinear stability of self-similar precipitates and to examine the effect of nonlinearity. Our numerical results show that, for
both growth/shrinkage, there exists nonlinear stabilization that
leads the precipitate to evolve to a universal limiting shape
selected by the applied stress and mass diffusion. When the
limiting shape is close to a circle, then the linear and nonlinear
results agree very well. As the mass ﬂux and strength of the
applied ﬁelds increase, the universal shapes increasingly deviate
from circles and the linear and nonlinear results differ.

A. Barua et al. / Journal of Crystal Growth 351 (2012) 62–71

In our simulations, the limiting shape is achieved when the
precipitate grows very large or shrinks very small compared with
its initial size. Depending on the initial size, interactions among
precipitates may become important. They are neglected here.
However, this work provides insights to nonlinear behavior of
precipitates at low nucleation densities by demonstrating that
there is a wide variation in the evolution to the limiting shape,
which depends on the mass ﬂux and applied elastic ﬁelds. These
results go well beyond linear theory and the existence of stable,
self-similarly shrinking limiting shapes has important implications in processing applications. For example, a microscopic part,
could be grown/shrunk as a single particle rather than machined
inefﬁciently from a large single crystal. This suggests that it may
be feasible to control the shapes of evolving precipitates in an
experiment following the scaling proposed here.
We have also neglected some other important physical effects
such as surface energy anisotropy, interface kinetics and three
dimensionality. These effects can play a central role in the
development of the complex patterns seen during evolution by
favoring certain directions of growth. We are currently investigating these physical effects, as well as precipitate–precipitate
interactions, which can also have important bearing on the
ﬁnal results. Ultimately, the approach we presented here
could potentially provide a new route to controlling material
microstructures.
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where the quantities Gi are the coefﬁcients in the Fourier expansion of the elastic energy density term Gel for the perturbed
interface and are given in [11]. The Gi depend on the mode
number n and the elastic coefﬁcients. The superscript ‘‘n’’ denotes
the complex conjugate.
A fundamental feature of self-similar growth is the shape evolution is time-invariant. For brevity, we deﬁne b~ k ðtÞ ¼ bk ðtÞ=RðtÞ, then
we immediately notice that the self-similarity requires d=dt b~ k ¼ 0 for
k ¼ 1; 2,3; 4,  . Introducing the deﬁnitions Z ¼ ZR and J ¼ JR, we
rewrite the coefﬁcients as a00 ¼ J=R3 , and ak,j ¼ a k,j =R3 . The ODE
system the becomes
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Hence, if we deﬁne
where n ¼ 1,
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where I is the identity matrix, vector f describes the applied elastic
forces at the far-ﬁeld, and the scaled ﬂux J is related to the applied
ﬂux via J ¼ JðtÞRðtÞ. We then decompose the coefﬁcient matrix in Eq.
(A.7) into ðAJI Þ ¼ ðSJ D þEÞ, where the diagonal matrix S represents the contribution from the surface energy with element
2
skk ¼ kðk 1Þ, the diagonal matrix D represents the contribution
from the driving mass ﬂux with dkk ¼ ðk2Þ, and the sparse banded
matrix E represents the contribution from the elastic energy. Thus we
obtain
ðSJ D þ EÞb~ ¼ f:

with the form J ¼ J=R (self-similar growth), we choose f ¼ R E=p
following Eq. (B.6). Thus
RðtÞ ¼ RðtÞ ¼ expðJ tÞ,

ðB:7Þ

and Eq. (B.2) gives the relation
t¼

E
½expð3J tÞ1:
3J p

ðB:8Þ

We then use the scheme to rescale the elasticity and diffusion
equations formulated in [9], and solve an integral system for
rescaled traction tj, displacement uj, and concentration U.

ðA:8Þ
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Appendix B. Rescaling scheme
We rescale the space and time as
xðt, aÞ ¼ Rðt Þxðt, aÞ,
t¼

Z
0

t

1
0
dt ,
f ðt 0 Þ

ðB:1Þ

ðB:2Þ

where the scaling factor RðtÞ ¼ RðtðtÞÞ, t is the new time variable,
and xðt, aÞ is the position vector of the scaled interface with a
parameterizing the interface. The scaling function f is a function
of t. Equivalently we may also deﬁne f ðtÞ ¼ f ðtðtÞÞ. Note that we
can also write JðtÞ ¼ JðtðtÞÞ in the scaled frame. The normal
velocity V(t) in the original frame and velocity V ðtÞ in the scaled
frame are related via equation
f
x  n dR
,
VðtðtÞÞ ¼ V ðtÞ þ
R
R dt

ðB:3Þ

where V ¼ ðdx=dtÞ  n is the normal velocity in the scaled frame.
Since the concentration ﬁeld is harmonic, we have
Z
1
J¼
V ds:
ðB:4Þ
2p G
Substituting Eq. (B.3) into Eq. (B.4), we have
Z
Jf
1
E dR
,
ðB:5Þ
¼
R V ds þ
2p G
p dt
R
R
where A ¼ 12 G x  n d s. Note, in Eq. (B.5), we have changed the
boundary to G . The scaling R is chosen such that the area A
enclosed by the scaled interface is constant in time, i.e. dE=dt ¼ 0
R
and S V ds ¼ 0.
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